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Abstract. Applications of the method of reflected caustics to the measure-
ment of the J integral in ductile materials are reviewed. It is demonstrated,
both numerically and experimentally, that the conditions for accurate
interpretation of caustics on the basis of plane stress small scale yielding
analyses are often overrestrictive. To overcome these restrictions, we
used a three -dimensional, elastic -plastic finite -element calculation to
analyze caustics formed by reflection of light from a particular test speci-
men. Experimental measurements on the same specimen confirm the
numerically obtained results. The out -of -plane surface displacements,
measured experimentally by interferometry, are in excellent agreement
with the corresponding numerical results. In addition, the experimentally
obtained caustics agree well with the numerically generated caustics. The
excellent agreement between experiment and calculations demonstrates
the accuracy of the numerical model and establishes confidence in the
interpretation of caustics in the presence of both extensive plasticity and
three dimensionality. The analysis of caustics as based on the three -
dimensional calculation is applied to the direct optical measurement of
the time history of the J integral in a dynamically loaded specimen. The
specimen was loaded in a drop weight tower, and the caustics were
photographed with a high speed camera.
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1. INTRODUCTION
In recent years the optical method of caustics has been devel-
oped into a successful experimental tool for studying linear
elastic fracture mechanics problems. In such problems, caus-
tics have been used for the direct optical measurement of
stress intensity factors.1'2 Particularly important applications
of caustics have been made in dynamic fracture mechanics,
where the stress intensity factor cannot generally be deter-
mined analytically.3'4 The past success of caustics has led to
efforts to extend the method to applications in elastic -plastic
fracture.

Some preliminary work5,6 based on the assumption of the
validity of the plane stress Hutchinson -Rice -Rosengren
(HRR) asymptotic crack tip field7'8 demonstrated that the
value of the J integral can be directly measured with caustics.
Unfortunately, the region of dominance of the plane stress
HRR field has not been accurately established. Thus, the condi-
tions under which the analytical results reported in Refs. 5 and
6 are valid are uncertain. Nevertheless, experimental results
given in Refs. 9 through 12 indicate that the method is prom-
ising and is worthy of further investigation.

In this paper we review the limitations in the interpretation
of caustics on the basis of plane stress small scale yielding
analyses. To overcome such limitations, we use a detailed
three -dimensional elastic -plastic finite -element calculation to
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CAUSTICS BY REFLECTION AND THEIR APPLICATION TO ELASTIC -PLASTIC AND DYNAMIC FRACTURE MECHANICS

simulate a three point bend laboratory specimen. We also use
this calculation to construct "synthetic" caustic patterns for
different load levels ranging from small scale to large scale
yielding conditions.

The numerical calculation is followed by a series of experi-
ments based on caustics and on Twyman -Green interferom-
etry performed simultaneously on both sides of the three
point bend specimen. The out -of -plane surface displace-
ments, recorded by interferometry, are compared with the
numerically generated near -tip out -of -plane displacements to
indicate the accuracy of the three -dimensional numerical
model. The caustics experiments are used to obtain the rela-
tionship between the caustic diameter D and the value of the J
integral for different load levels. This is found to agree well
with the equivalent relation between D and J, obtained on the
basis of the "synthetic" caustic patterns generated by the
numerical solution.

Once complete agreement between theory and experiment
is demonstrated, the relation between D and J is used for the
interpretation of caustics obtained in dynamic experiments.by
means of high speed photography. The dynamic experiment
utilizes the same three point specimen geometry described
above, loaded in a drop weight tower. The resulting caustic
patterns are recorded by means of a rotating mirror high speed
camera and provide a time history of Jd up to the point of
crack initiation. This measurement is, to our knowledge, the
first direct optical measurement of Jd(t) under dynamic condi-
tions. The resulting loading rates are of the order of id =
103 N /ms.

2. CAUSTICS BY REFLECTION

2.1. Mapping equations
Consider the flat surface of an opaque plate specimen of
uniform thickness h, containing a through crack. In the unde-
formed state, this surface, assumed to be perfectly reflective,
will occupy a region in the x1 ,x2 plane at x3 = O. When loads
are applied on the lateral boundaries of the plate, the resulting
change in thickness of the plate specimen is nonuniform, and
the equation of the deformed specimen surface will be ex-
pressed as

x3 + f(x1,x2) = 0 . (1)

Consider, further, a family of light rays parallel to the x3 axis,
incident on the reflecting surface [Eq. (1)]. Upon reflection,
the light rays will deviate from parallelism (see Fig. 1). If
certain geometrical conditions are met by the reflecting sur-
face, the virtual extensions of the reflected rays (dashed lines)
will form an envelope that is a three -dimensional surface in
space. This surface, called the caustic surface, is the locus of
points of highest density of rays (maximum luminosity) in the
virtual image space. The virtual extensions of the rays are
tangent to the caustic surface. The reflected light field is
recorded on a camera positioned in front of the specimen. The
focal plane of this camera, which we call the screen for
convenience, is behind the plane x3 = 0 (occupied by the
reflector in the undeformed state) and intersects the caustic
surface at the plane x3 = - z0, zo ? O. On the screen, a cross
section of the caustic surface is observed as a bright curve (the
caustic curve), bordering a dark region (the shadow spot).
The resulting optical pattern depends on the nature of the
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Fig. 1. Formation of caustic due to reflection of light from the
polished, deformed specimen surface near a crack tip.

function f(x1,x2) and on the focal distance zo. The reflection
process can be viewed as a mapping of points (x1,x2) of the
plane occupied by the reflector in the undeformed state onto
points (X1 ,X2) of the plane x3 = -zo (the screen). The map-
ping equations based on geometrical optics are given óy13

VfX=x-2(zo-f)
1 - I vf12

(2)

where X = Xaea, x = xaea, and ea denote unit vectors.
In the subsequent discussion Greek subscripts have the range 1,
2 while Latin subscripts take the values 1, 2, and 3.

When zD » f, as is usually the case in most practical
applications, the above simplifies to13

X= x- 2zoVf. (3)

Relation (3) is the mapping equation that will be used in the
rest of this discussion.

2.2. Initial curve and its significance
Equation (2), or its approximation Eq. (3), is a mapping of the
points on the reflecting surface onto points on the screen. If
the screen intersects the caustic surface, the resulting caustic
curve on the screen is a locus of points for which the deter-
minant of the Jacobian matrix of mapping Eq. (3) must
vanish, or

I(xl,x2,z0) = det[X.,pl = det[S,p - 2zofa,p1 = 0 . (4)

The above is a necessary and sufficient condition for the
existence of a caustic curve. The locus of points on the refer-
ence plane (x1,x2,x3 = 0) for which the Jacobian vanishes is
called the initial curve, Eq. (4). All points on the initial curve
map onto the caustic curve. In addition, all points inside and
outside this curve map outside the caustic.13 Since the light
that forms the caustic curve originates from the initial curve,
essential information conveyed by the caustic comes from that
curve only.

Equation (4), defining the initial curve, depends paramet-
rically on zo. Thus, by varying zo, we may vary the initial
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curve position. If zo is large, the initial curve will be far from
the crack tip. If zo is small, the initial curve will be close to
the crack tip. Variation of zo can easily be achieved experi-
mentally by simply varying the focal plane of the recording
camera system. This is an essential property of the method of
caustics, and it can be utilized to "scan" the near -tip region to
obtain information regarding the nature of the deformation
field at different distances from the crack tip. For the case of a
crack tip surrounded by a plastic zone, varying zo will move
the initial curve inside or-outside the plastic zone, providing
information on the nature of the singularity in plastic strains
as well as on the character of the surrounding elastic field.

3. INTERPRETATION OF CAUSTICS ON THE BASIS
OF PLANE STRESS ANALYSES

The discussion of the previous section, intentionally kept as
general as possible, is not restricted by the form of the func-
tion f (xi ,x2) that describes the nature of the deformed speci-
men surface. In general, f(xl,x2) can be identified as the
out -of -plane displacement field u3(xi,x2) evaluated on the
surface of the plate specimen.

For a cracked plate of uniform thickness and finite, in-
plane dimensions, these displacements will, in general, de-
pend on the constitutive law of the material, the applied load,
and the details of the specimen geometry (in -plane dimen-
sions and thickness). Given the lack of full -field, three -
dimensional analytical solutions in fracture mechanics, such
information can be obtained only by means of detailed numer-
ical computations. Such an approach will be taken in Sec. 5.

Nevertheless, there exist certain special cases for which
available asymptotic solutions, based on two -dimensional
analyses, may provide adequate approximations for the sur-
face out -of -plane displacement field u3(xi ,x2). In particular,
it can be argued that conditions of generalized plane stress
will dominate in thin cracked plates, provided that both the
crack length and in -plane dimensions are many times the plate
thickness. In such cases, u3(xi,x2) will be approximated by
means of available analytical solutions based on plane stress
analysis.

3.1. Caustics obtained on the basis of plane stress
asymptotic crack tip fields in linear elastostatics
In linear elastic fracture mechanics, the principal application
of the method of caustics is to the direct measurement of the
mode -I and mode -II stress intensity factors. When a thin
cracked plate deforms in a symmetric, mode -I manner, the
near -tip out -of -plane displacement field can be approximated
by 14

-vhKi O
f(r,O) = u3(r,O) = cos -EV 2

(5)

where KI is the mode -I stress intensity factor, E is the elastic
modulus, y is Poisson's ratio, and h is the specimen thick-
ness. The coordinates r,9 correspond to a polar system cen-
tered at the crack tip. Substitution of Eq. (5) into Eq. (3) gives
the equations of the optical mapping for this case. The equa-
tion for the initial and caustic curves can now be obtained by
further imposing the requirement I = 0, as expressed by Eq.
(4). It is found that the caustic is an epicycloid whose size
depends on ICI. In particular, KI is related to the maximum
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Fig. 2. Caustics formed due to reflection of light from an elastically
deforming specimen containing a mode4 crack. (a) Numerically
simulated. (b) Experimental.

transverse diameter D of the caustic (width of the caustic in
the direction perpendicular to the crack line) by3

ED512
KI

10.7zovh
(6)

A caustic constructed analytically using Eqs. (5) and (3) is
shown in Fig. 2(a), with a caustic observed experimentally
shown in Fig. 2(b). The equation for the initial curve is
obtained directly from Eq. (4) and can be shown to be a circle
of radius ro, where

3hvKlza 2i5

ro =0.316D - 2Err (7)

It should be observed here that for a given K1, ro -4,2'. A
variation in zo, the distance behind the specimen at which the
camera is focused, will result in changes in ro.

It is important to observe that within the framework of linear
elastic plane stress analysis, the deformed shape of the
specimen surface near the crack tip is known up to a scalar
amplitude, which is proportional to ICI. Thus, the light pattern
obtained by reflecting parallel incident light from the specimen
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Fig. 2. Caustics formed due to reflection of light from an elastically 
deforming specimen containing a mode-I crack, (a) Numerically 
simulated, (b) Experimental.
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A caustic constructed analytically using Eqs. (5) and (3) is 
shown in Fig. 2(a), with a caustic observed experimentally 
shown in Fig. 2(b). The equation for the initial curve is 
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It should be observed here that for a given KI? r0 ~ZQ . A 
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surface near the crack tip provides a direct measure of K1.
Once the method of caustics is described in this way, it

becomes clear that the applicability of the method does not
hinge on the material in the near -crack -tip region responding
in a linear elastic manner. Instead, the key feature is that the
deformed shape of the specimen surface in the crack tip re-
gion is known up to a scalar amplitude factor. The available
asymptotic analyses of crack tip fields in power- law -harden-
ing materials7'8 suggest that such a situation prevails for these
cases as well.

3.2. Caustics obtained on the basis of the asymptotic plane
stress HRR field
For stationary cracks and within the framework of small dis-
placement gradients and proportional stress histories, the
value of Rice's J integral has been proposed as a plastic strain
intensity factor. The viewpoint is adopted here that J provides
a suitable scalar amplitude for the deformed shape of the
surface of an elastic -plastic fracture specimen at points within
the region of dominance of the plane stress HRR fieId.6
Indeed, for a material whose stress - strain behavior in uniaxial
tension may be described by the Ramberg- Osgood model, the
near -tip out -of -plane displacement is given by'

f(r,O) = u3(r,O)

Qoh ( JE 1)

LER(e,n) + Eee(B,n)1 , (8)
2E Qó Inr

where o is the yield stress in tension, n is the hardening
exponent, E,,E00 are dimensionless functions of O on n,
and I is a scalar function of n, tabulated in Ref. 7.

Substitution of the above equation into Eqs. (3) and (4)
provides a relation between D (the maximum transverse diam-
eter of the caustic) and J, which takes the form

ó E nn + 1) /
J = S D(3n +2) /n

(9)( )
E croz °h

where Sn is a scalar function of n, tabulated in Ref. 6. Unlike
for the elastic case, the initial curve is no longer circular,6 and
its shape depends on the hardening level of the material. The
point (ro, °max) on the initial curve that maps onto the max-
imum value of X2 of the caustic curve is at an angle °max
measured counterclockwise from the x1 axis. It is shown in
Ref. 11 that °max varies from 72° to 56° as n varies from 1 to

and that ro can be related to D by

=
10.385D , n = 9 ,

r° 0.40D , n --> co
(10)

The caustic pattern for a hardening exponent of n = 9 is
shown in Fig. 3. Figure 3(a) shows a caustic predicted from
the above analysis, and Fig. 3(b) shows an experimentally
obtained caustic. The plastic zone can be seen surrounding the
caustic of Fig. 3(b), demonstrating that the caustic is gen-
erated from points well within this zone, or equivalently, that
ro << rp, where rp is the plastic zone size at O = O. We note that
Eqs. (5) through (10) are obtained under the assumption of the
validity of particular asymptotic plane stress fields. In the
next section we attempt to eliminate this restriction by con-
structing caustics based on a full -field plane stress numerical
solution.

(b)

Fig. 3. Caustics formed due to reflection of light from within a crack
tip plastic zone. (a) Numerically simulated on the basis of plane
stress HRR. (b) Experimental.

3.3. Caustics obtained on the basis of an elastic -plastic
plane stress small scale yielding finite- element calculation
The numerical calculations modeled a semi -infinite crack
under mode -I plane stress small scale yielding conditions.
The details of these calculations are found in Refs. 15 and 16.
The displacements of the singular, elastic crack tip field, u =
K1(r /2i )1 /2û(°), were specified on a circular radius of
approximately 3400 times the smallest element, as shown in
Fig. 4. The maximum extent of the plastic zone was contained
within 1/30 of this radius, ensuring small scale yielding con-
ditions. The cutout in Fig. 4(a) is a fine mesh region around
the crack tip, which is shown in detail in Fig. 4(b). An
incremental J2 plasticity theory was used. The material
obeyed the Hüber -von Mises yield criterion and followed a
piecewise power- hardening law in uniaxial tension of the
form

E

E°

Q Qo,
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surface near the crack tip provides a direct measure of Kj.
Once the method of caustics is described in this way, it 

becomes clear that the applicability of the method does not 
hinge on the material in the near-crack-tip region responding 
in a linear elastic manner. Instead, the key feature is that the 
deformed shape of the specimen surface in the crack tip re­ 
gion is known up to a scalar amplitude factor. The available 
asymptotic analyses of crack tip fields in power-law-harden­ 
ing materials7 ' 8 suggest that such a situation prevails for these 
cases as well.

3.2. Caustics obtained on the basis of the asymptotic plane 
stress HRR field
For stationary cracks and within the framework of small dis­ 
placement gradients and proportional stress histories, the 
value of Rice's J integral has been proposed as a plastic strain 
intensity factor. The viewpoint is adopted here that J provides 
a suitable scalar amplitude for the deformed shape of the 
surface of an elastic-plastic fracture specimen at points within 
the region of dominance of the plane stress HRR field. 6 
Indeed, for a material whose stress-strain behavior in uniaxial 
tension may be described by the Ramberg-Osgood model, the 
near-tip out-of-plane displacement is given by7

n = 9

f(r,0) = u3 (r,0) 

a0h JE

2E \a02Inr
[Err(6,n) + Eee(e,n)] (8)

where a0 is the yield stress in tension, n is the hardening 
exponent, Err ,E6 e are dimensionless functions of 6 on n, 
and In is a scalar function of n, tabulated in Ref. 7.

Substitution of the above equation into Eqs. (3) and (4) 
provides a relation between D (the maximum transverse diam­ 
eter of the caustic) and J, which takes the form

O-Q

E a0z0h
(9)

where S n is a scalar function of n, tabulated in Ref. 6. Unlike 
for the elastic case, the initial curve is no longer circular, 6 and 
its shape depends on the hardening level of the material. The 
point (r0 ,6max) on the initial curve that maps onto the max­ 
imum value of X2 of the caustic curve is at an angle 9max 
measured counterclockwise from the Xi axis. It is shown in 
Ref. 1 1 that 6 max varies from 72° to 56° as n varies from 1 to

and that r0 can be related to D by

0.385D , n = 9 , 
0.40D , n-» oo . (10)

The caustic pattern for a hardening exponent of n = 9 is 
shown in Fig. 3. Figure 3(a) shows a caustic predicted from 
the above analysis, and Fig. 3(b) shows an experimentally 
obtained caustic. The plastic zone can be seen surrounding the 
caustic of Fig. 3(b), demonstrating that the caustic is gen­ 
erated from points well within this zone, or equivalently, that 
ro ^ rP > where rp is the plastic zone size at 6 = 0. We note that 
Eqs. (5) through (10) are obtained under the assumption of the 
validity of particular asymptotic plane stress fields. In the 
next section we attempt to eliminate this restriction by con­ 
structing caustics based on a full-field plane stress numerical 
solution.

Fig. 3. Caustics formed due to reflection of light from within a crack 
tip plastic zone, (a) Numerically simulated on the basis of plane 
stress HRR. (b) Experimental.

3.3. Caustics obtained on the basis of an elastic-plastic 
plane stress small scale yielding finite-element calculation
The numerical calculations modeled a semi-infinite crack 
under mode-I plane stress small scale yielding conditions. 
The details of these calculations are found in Refs. 15 and 16. 
The displacements of the singular, elastic crack tip field, u = 
KI (r/2TT) 1/2ii(0), were specified on a circular radius of 
approximately 3400 times the smallest element, as shown in 
Fig. 4. The maximum extent of the plastic zone was contained 
within 1/30 of this radius, ensuring small scale yielding con­ 
ditions. The cutout in Fig. 4(a) is a fine mesh region around 
the crack tip, which is shown in detail in Fig. 4(b). An 
incremental J2 plasticity theory was used. The material 
obeyed the Hiiber-von Mises yield criterion and followed a 
piecewise power-hardening law in uniaxial tension of the 
form

(ID
a > a0
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with hardening exponents n = 5,9, 00. Here we concentrate on
the results for n = 9 since this matches the 4340 steel used in
experiments to be described later. All plasticity was confined
to the "active region" [Fig. 4(a)], consisting of 1704 four -
noded isoparametric quadrilaterals. After the element nearest
the crack tip has yielded, the load, applied through the stress
intensity factor K1, or equivalently through J (J = K12 /E for

(a)

(b)

8.8RA = 3400LIlui
11111111j j
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Fig. 4. (a) Finite- element mesh for the 2 -D numerical model. (b)
Detail of mesh near the crack tip.

roïrP - 0.19

(al

ro/rP 0.42

(d)

small scale yielding), was increased monotonically until the
extent of the plastic zone ahead of the crack tip was 50 times
the smallest element size. For the propagation phase of this
study we used a nodal release procedure16 to grow the crack
by 20 elements. A number of crack growth histories were
studied corresponding to different values of Paris's tearing
modulus T = (E /o)(dJ /da) of 0, 1, 5, 15, 20.16 In the next
section we summarize some of the results of the numerical
analysis pertaining to the synthetic construction of caustic
curves.

3.3.1. Stationary cracks
The maximum radial extent rp of the numerically obtained
plastic zone was in good agreement with experimental
measurements performed on thin compact tension specimens
of 4340 steel, restricted to small scale yielding conditions.10
The value of rp was found to be 0.25(K1/0)2. Direct compari-
son of the full -field- stress and deformation fields with their
asymptotic, HRR counterparts revealed good agreement for
x1 < 0.3ro, thus establishing the range of dominance of the
asymptotic solution. On the other hand, the numerically ob-
tained field quantities were shown to approach the elastic K1
field only well outside the plastic zone, i.e., for xl > 1.5rp. If
the initial curve satisfies the first of these restrictions, it can
be expected that caustics can be interpreted on the basis of Eq.
(9). On the other hand, if the second restriction is satisfied,
the elastic analysis of caustics is sufficient and Eq. (6) can be
used for the evaluation of K1.

To provide a means of analyzing caustics that is not depen-
dent on the assumption of dominance of either the HRR or K1
fields, caustic patterns were generated using the results of the
finite -element analysis. The out -of -plane surface displace-
ments were smoothed using a least squares scheme, and

ro/ rP = 0.30

(b)

ro/rP = 0.51

(e)

ro/rP - 0.40

(c)

ro/rP = 1.3

(f)

Fig. 5. Caustics generated by using the out-of -plane displacements calculated from the 2 -D, small scale yielding numerical model.
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with hardening exponents n = 5,9,°°. Here we concentrate on 
the results for n = 9 since this matches the 4340 steel used in 
experiments to be described later. All plasticity was confined 
to the "active region" [Fig. 4(a)], consisting of 1704 four- 
noded isoparametric quadrilaterals. After the element nearest 
the crack tip has yielded, the load, applied through the stress 
intensity factor Kr, or equivalently through J (J = Kr2/E for

(a)

(b)

Fig. 4. (a) Finite-element mesh for the 2-D numerical model, (b) 
Detail of mesh near the crack tip.

small scale yielding), was increased monotonically until the 
extent of the plastic zone ahead of the crack tip was 50 times 
the smallest element size. For the propagation phase of this 
study we used a nodal release procedure 16 to grow the crack 
by 20 elements. A number of crack growth histories were 
studied corresponding to different values of Paris's tearing 
modulus T = (E/a02)(dJ/da) of 0, 1, 5, 15, 20. 16 In the next 
section we summarize some of the results of the numerical 
analysis pertaining to the synthetic construction of caustic 
curves.

3.3.1. Stationary cracks
The maximum radial extent rp of the numerically obtained 
plastic zone was in good agreement with experimental 
measurements performed on thin compact tension specimens 
of 4340 steel, restricted to small scale yielding conditions. 10 
The value of rp was found to be 0.25(Ki/a0 ) 2 . Direct compari­ 
son of the full-field-stress and deformation fields with their 
asymptotic, HRR counterparts revealed good agreement for 
Xj < 0.3rp , thus establishing the range of dominance of the 
asymptotic solution. On the other hand, the numerically ob­ 
tained field quantities were shown to approach the elastic Kj 
field only well outside the plastic zone, i.e., for X! > 1,5rp . If 
the initial curve satisfies the first of these restrictions, it can 
be expected that caustics can be interpreted on the basis of Eq. 
(9). On the other hand, if the second restriction is satisfied, 
the elastic analysis of caustics is sufficient and Eq. (6) can be 
used for the evaluation of Kj.

To provide a means of analyzing caustics that is not depen­ 
dent on the assumption of dominance of either the HRR or Kr 
fields, caustic patterns were generated using the results of the 
finite-element analysis. The out-of-plane surface displace­ 
ments were smoothed using a least squares scheme, and

r0/rp « 0.19 

(a)

r0/rp « 0.30 

(b)

r0/rp « 0.42 r0/rp « 0.51 r0/rp « 1.3 

(d) (e) (f)

Fig. 5. Caustics generated by using the out-of-plane displacements calculated from the 2-D, small scale yielding numerical model.
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ra/rp = 0.26

(a)

ro/rp = 0.52

(d)

ra rp - 0.35

(b)

ro/rp _ 0.70

(e)

ra/rp = 0.45

(c)

ro/rp = 1.4

(f)

Fig. 6. Sequence of caustics obtained for reflection of light from regions near a plastically deforming crack tip, under small scale yielding
conditions.

caustics were generated by mapping light rays point by point
using Eq. (3). For a fixed value of applied load (far -field K1
level) a series of caustics was generated corresponding to
different values of z0. As discussed in detail in Sec. 2.2,
variation in zo results in initial curves of different sizes and
allows for the complete scanning of the near -tip region. The
caustics are shown in Fig. 5 for values of ro /rp ranging from
0.19 to 1.3. It is seen that for ro /rp = 0.19, the numerically
simulated caustic agrees in shape with the caustic predicted
using the HRR field, Fig. 3. On the other extreme, when r0 /rp
= 1.3, the numerically simulated caustic, Fig. 5(f), exhibits
the epicycloidal shape of the caustic obtained using the elastic
K1 field (see Fig. 2). In the region between ro /rp = 0.19 and
1.3 there is a transition from the "HRR- like" caustic to the
"elastic" caustic.

Figure 6 is a sequence of photographs of caustics obtained
from the tensile loading of a thin compact tension specimen of
4340 carbon steel. The experimental details, specimen dimen-
sions, etc. are described by Zehnder, Rosakis, and Nar-
asimhan in Ref. 10. On comparing Figs. 5 and 6, it is seen
that in both cases there is a transition from an HRR caustic to
an elastic caustic as ro /rp goes from 0.19 to 1.3. The transition
away from the HRR caustic appears to take place slightly
sooner in the numerical model than in the experimental re-
sults. However, the general trend is similar in both cases. It is
found that both the numerical and experimental caustics retain
the shape predicted by the r-'1 field even for ro /rp as small
as 1.0 Thus, the effect of the plastic zone on the caustic
measurement cannot be judged by mere observation of the
caustic shape. The reason for the invariance in shape is ex-
plained in detail in Ref. 10. The effect of plasticity on the
interpretation of caustics obtained when the initial curve lies
outside the plastic zone is discussed in Sec. 4.

The numerically generated caustics were also used to estab-
lish the relationship between the caustic diameter D and the

D Ev0 z0d

1/2
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z
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Asymptotic, HRR
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J E ( E \l/2
vó `Qo zodJ
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Fig. 7. Relationship between caustic diameter and the J integral for
2 -D analyses.

value of applied J for the two -dimensional, small scale yield-
ing problem. This relationship is shown in Fig. 7 in a non -
dimensional form. A very small abscissa value in this figure
(large zo or small J) implies that the initial curve is far away
from the tip. A large abscissa value implies that the curve is
very near the tip, probably within the range of dominance of
the HRR field. The solid line in the figure represents the
variation of caustic size in the K1- dominated region, as given
by Eq. (6) with v = 0.3. The dashed line gives the relation-
ship for caustics generated from the HRR- dominated region,
as given by Eq. (9). As can be observed from this figure, the
full -field numerical results approach the elastic relation (6)
for small abscissa values and the relation (9) obtained from
the HRR solution for large values of the abscissa. In the
intermediate region there is a transition from one relation to
the other. The error bars in the figure indicate the uncertainty
in the caustic diameter due to the finite -element discretiz-
ation.
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Fig. 6. Sequence of caustics obtained for reflection of light from regions near a plastically deforming crack tip, under small scale yielding 
conditions.

caustics were generated by mapping light rays point by point 
using Eq. (3). For a fixed value of applied load (far-field Kj 
level) a series of caustics was generated corresponding to 
different values of z0 . As discussed in detail in Sec. 2.2, 
variation in z0 results in initial curves of different sizes and 
allows for the complete scanning of the near-tip region. The 
caustics are shown in Fig. 5 for values of r0/rp ranging from 
0.19 to 1.3. It is seen that for r0/rp = 0.19, the numerically 
simulated caustic agrees in shape with the caustic predicted 
using the HRR field, Fig. 3. On the other extreme, when r0/rp 
= 1.3, the numerically simulated caustic, Fig. 5(f), exhibits 
the epicycloidal shape of the caustic obtained using the elastic 
Kr field (see Fig. 2). In the region between r0/rp = 0.19 and 
1.3 there is a transition from the "HRR-like" caustic to the 
"elastic" caustic.

Figure 6 is a sequence of photographs of caustics obtained 
from the tensile loading of a thin compact tension specimen of 
4340 carbon steel. The experimental details, specimen dimen­ 
sions, etc. are described by Zehnder, Rosakis, and Nar- 
asimhan in Ref. 10. On comparing Figs. 5 and 6, it is seen 
that in both cases there is a transition from an HRR caustic to 
an elastic caustic as r0/rp goes from 0.19 to 1.3. The transition 
away from, the HRR caustic appears to take place slightly 
sooner in the numerical model than in the experimental re­ 
sults. However, the general trend is similar in both cases. It is 
found that both the numerical and experimental caustics retain 
the shape predicted by the r~ 1/2 field even for r0/rp as small 
as 1.0 Thus, the effect of the plastic zone on the caustic 
measurement cannot be judged by mere observation of the 
caustic shape. The reason for the in variance in shape is ex­ 
plained in detail in Ref. 10. The effect of plasticity on the 
interpretation of caustics obtained when the initial curve lies 
outside the plastic zone is discussed in Sec. 4.

The numerically generated caustics were also used to estab­ 
lish the relationship between the caustic diameter D and the
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Fig. 7. Relationship between caustic diameter and the J integral for
2-D analyses.

value of applied J for the two-dimensional, small scale yield­ 
ing problem. This relationship is shown in Fig. 1 in a non- 
dimensional form. A very small abscissa value in this figure 
(large z0 or small J) implies that the initial curve is far away 
from the tip. A large abscissa value implies that the curve is 
very near the tip, probably within the range of dominance of 
the HRR field. The solid line in the figure represents the 
variation of caustic size in the Krdominated region, as given 
by Eq. (6) with v = 0.3. The dashed line gives the relation­ 
ship for caustics generated from the HRR-dominated region, 
as given by Eq. (9). As can be observed from this figure, the 
full-field numerical results approach the elastic relation (6) 
for small abscissa values and the relation (9) obtained from 
the HRR solution for large values of the abscissa. In the 
intermediate region there is a transition from one relation to 
the other. The error bars in the figure indicate the uncertainty 
in the caustic diameter due to the finite-element discretiz­ 
ation.
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Fig. 8. Numerical caustics from plane stress elastic -plastic analysis.
Caustic (a) before crack growth and (b) after crack growth.

3.3.2. Growing cracks

The numerical calculations were also used to simulate slow
crack growth under plane stress conditions. The details con-
cerning the stress and deformation fields of growing cracks
are presented in Ref. 16. For the specific case of an elastic -
plastic power- hardening solid with a hardening exponent n =
9, the calculated out -of -plane displacements are used to con-
struct caustics for the initial phases of crack growth. An
example of the resulting caustic shapes is shown in Fig. 8.
Figure 8(a) displays a caustic corresponding to an initial curve
well within the crack tip plastic zone of a stationary crack
(ro /rp - 0.1). As expected, the caustic shape is similar to the
one calculated on the basis of the HRR analysis.

Figure 8(b) displays the caustic corresponding to an incre-
ment of crack length equal to 2/5 of the initial plastic zone
size. During crack growth, the value of applied J was kept
constant, or T = (E /)(dJ /da) = O. It is interesting to
observe that the diameter of the caustic curve surrounding the
new location of the crack tip is smaller than that of the station-
ary crack of Fig. 8(a) even though the value of the far -field J
was kept constant. This is consistent with the existence of a
strain singularity at the tip of a propagating crack that is
weaker than that for a stationary crack, as discussed in detail
by Narasimhan et al. (see Fig. 2 of Ref. 16). As the crack
propagates, there is residual plastic deformation surrounding
the initial location of the crack tip and a wake of plastic
strains along the newly created fracture surfaces. These plas-
tic strains and the resulting residual out -of -plane displace-
ments are responsible for the residual caustic seen behind the
propagating crack tip in Fig. 8(b).

4. EXPERIMENTS USING CAUSTICS
In the previous sections the theory and analysis of the method
of caustics were described. In this section two different ex-
perimental arrangements used in caustics experiments are
discussed, and experiments using caustics in elastic -plastic
fracture mechanics are reviewed. The discussion investigates
the adequacy of plane stress theories in the interpretation of
caustic patterns obtained by reflection of light from the vicin-
ity of through cracks in plate specimens of elastic -plastic
materials.
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Fig. 9. Optical setups for experiments using reflected caustics. (a)
Setup for experiments in which zo is varied. (b) Setup for fixed zo.

4.1. Description of experiments
Some of the mechanical aspects of setting up an experiment
using caustics are discussed here. Two possible optical setups
for the recording of reflected caustics are illustrated in Fig. 9.
The two setups are identical in principld, but each has distinct
advantages for certain types of experimentation. The arrange-
ment of Fig. 9(a) is useful for experiments in which it is
desired to photograph caustics corresponding for many zo
values. The arrangement of Fig. 9(b) is useful for experiments
in which a fixed zo value is used and when short exposure
times are desired, such as in dynamic fracture experiments.

In both setups a parallel beam of light is reflected from the
flat, mirrored surface of the test specimen. The angle between
the light beam and the normal to the specimen should be
minimized to prevent distortions of the resulting caustics. The
light source need not be monochromatic, but it must come
from a point source or its equivalent so that the beam can be
collimated. The incident beam can be diverging, parallel, or
converging; however, a parallel beam is the most useful for
many applications.

In Fig. 9(a) the image of the caustic is focused onto a
translucent screen by lens E2. The caustic is then recorded by
photographing the screen. The screen can be made of ground
glass or even of paper taped to a clear glass or plastic plate.
The advantage of this setup is that zo may be accurately
determined by measuring b, c, and the focal length f of lens

2. Using these values in the thin lens equation, (1 /i) + (1 /o)
= 1 /f, one obtains

zo= cf b.
c - f

(12)

The magnification from the plane at x3 = -zo to the real
screen is

i c c - f
(13)

o zo +b f

The measured caustic diameter must be divided by m in the
subsequent calculations. To obtain small initial curves, zo
must be small or c large, resulting in high magnification. To
obtain large zo's and large initial curves, c must be small,
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Fig. 8. Numerical caustics from plane stress elastic-plastic analysis. 
Caustic (a) before crack growth and (b) after crack growth.

3.3.2. Growing cracks

The numerical calculations were also used to simulate slow 
crack growth under plane stress conditions. The details con­ 
cerning the stress and deformation fields of growing cracks 
are presented in Ref. 16. For the specific case of an elastic- 
plastic power-hardening solid with a hardening exponent n = 
9, the calculated out-of-plane displacements are used to con­ 
struct caustics for the initial phases of crack growth. An 
example of the resulting caustic shapes is shown in Fig. 8. 
Figure 8(a) displays a caustic corresponding to an initial curve 
well within the crack tip plastic zone of a stationary crack 
(r0/rp ~ 0.1). As expected, the caustic shape is similar to the 
one calculated on the basis of the HRR analysis.

Figure 8(b) displays the caustic corresponding to an incre­ 
ment of crack length equal to 2/5 of the initial plastic zone 
size. During crack growth, the value of applied J was kept 
constant, or T = (E/ao)(dJ/da) = 0. It is interesting to 
observe that the diameter of the caustic curve surrounding the 
new location of the crack tip is smaller than that of the station­ 
ary crack of Fig. 8(a) even though the value of the far-field J 
was kept constant. This is consistent with the existence of a 
strain singularity at the tip of a propagating crack that is 
weaker than that for a stationary crack, as discussed in detail 
by Narasimhan et al. (see Fig. 2 of Ref. 16). As the crack 
propagates, there is residual plastic deformation surrounding 
the initial location of the crack tip and a wake of plastic 
strains along the newly created fracture surfaces. These plas­ 
tic strains and the resulting residual out-of-plane displace­ 
ments are responsible for the residual caustic seen behind the 
propagating crack tip in Fig. 8(b).

4. EXPERIMENTS USING CAUSTICS
In the previous sections the theory and analysis of the method 
of caustics were described. In this section two different ex­ 
perimental arrangements used in caustics experiments are 
discussed, and experiments using caustics in elastic-plastic 
fracture mechanics are reviewed. The discussion investigates 
the adequacy of plane stress theories in the interpretation of 
caustic patterns obtained by reflection of light from the vicin­ 
ity of through cracks in plate specimens of elastic-plastic 
materials.

Camera

(a)

Test grid for focusing

Camera

Fig. 9. Optical setups for experiments using reflected caustics, (a) 
Setup for experiments in which z0 is varied, (b) Setup for fixed z0 .

4.1. Description of experiments
Some of the mechanical aspects of setting up an experiment 
using caustics are discussed here. Two possible optical setups 
for the recording of reflected caustics are illustrated in Fig. 9. 
The two setups are identical in principle, but each has distinct 
advantages for certain types of experimentation. The arrange­ 
ment of Fig. 9(a) is useful for experiments in which it is 
desired to photograph caustics corresponding for many z0 
values. The arrangement of Fig. 9(b) is useful for experiments 
in which a fixed z0 value is used and when short exposure 
times are desired, such as in dynamic fracture experiments.

In both setups a parallel beam of light is reflected from the 
flat, mirrored surface of the test specimen. The angle between 
the light beam and the normal to the specimen should be 
minimized to prevent distortions of the resulting caustics. The 
light source need not be monochromatic, but it must come 
from a point source or its equivalent so that the beam can be 
collimated. The incident beam can be diverging, parallel, or 
converging; however, a parallel beam is the most useful for 
many applications.

In Fig. 9(a) the image of the caustic is focused onto a 
translucent screen by lens £2 - The caustic is then recorded by 
photographing the screen. The screen can be made of ground 
glass or even of paper taped to a clear glass or plastic plate. 
The advantage of this setup is that z0 may be accurately 
determined by measuring b, c, and the focal length f of lens 
 2 . Using these values in the thin lens equation, (1/i) + (l/o) 
= 1/f, one obtains

cf

c - f
- b. (12)

The magnification from the plane at x3 = -z0 to the real 
screen is

m =   =      
o z0 + b

c - f
(13)

The measured caustic diameter must be divided by m in the 
subsequent calculations. To obtain small initial curves, z0 
must be small or c large, resulting in high magnification. To 
obtain large z0 's and large initial curves, c must be small,
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resulting in low magnification. To maintain reasonable mag-
nification for large zo's, a long focal length lens e2 should be
used. The magnification from the screen to the film in the
camera is determined by placing a scale on the real screen and
photographing the scale superposed on the caustic pattern.

The setup in Fig. 9(b) is commonly applied to dynamic
fracture experiments in which a fixed zo value is used. In this
arrangement a test grid, printed on a glass plate, is placed in
the incoming beam at a distance zo from the specimen. The
camera is then focused on this grid. The grid may be left in
place during the experiment to provide a scale for the photo-
graphs of the caustics. In the setup of Fig. 9(a) light is wasted
due to the diffuse screen, and thus relatively long exposure
times are needed. In the setup of Fig. 9(b) no light is wasted,
and with sufficient light very short exposure times are possi-
ble. For the dynamic fracture experiments performed at the
California Institute of Technology, a 15 ns exposure time is
achieved with a 5 W pulsed laser at a 200 kHz pulsing rate.4

In photographing caustics one deals only with collimated
light and specular reflections. Thus, the camera of Fig. 9(b)
must have an aperture large enough to admit the entire light
beam and must not obstruct any of the light within the camera.
Precise alignment of the camera and the light beam is re-
quired. Most commercially available high speed cameras are
unsuitable for caustics since they are designed for diffuse
light.

4.2. Review of experimental work in elastic -plastic
fracture
Very little experimental work has been done to investigate the
use of caustics in elastic -plastic fracture mechanics. Prelimin-
ary experiments of this sort were reported by Rosakis and
Freund.5 Their work established the feasibility of measuring
the J integral with caustics and demonstrated agreement be-
tween experimentally observed and analytically predicted
caustic shapes.

Further experiments with caustics were performed by
Marchand et al. I1 In these experiments the test specimens
were of the compact tension type and of varying thicknesses.
The loading fixtures allowed for the load and the load point
displacement record to be measured. The integration of this
record provided an independent measurement of the J inte-
gral. The values of J were also obtained from caustics and
were interpreted on the basis of the HRR analysis [Eq. (9)].
These were compared with the actual values of J calculated
from the load -displacement record. The effect of three dimen-
sionality of the near -crack -tip fields is evident in this work,
where it was found that J from caustics is less than the actual J
when ro /h < 0.5. Unfortunately, many of the caustics re-
ported in this investigation were very much different in shape
from the HRR caustic of Fig. 3. Thus, calculation of J from
these caustics by using Eq. (9) based on the HRR field may be
inaccurate even if ro /h > 0.5.

A different approach was taken by Judy and Sanford,12 who
performed experiments in which plane stress assumptions
were clearly violated. In such cases one cannot hope to use
Eq. (9) to determine J from caustics. Instead, the caustic
diameter and the J integral were empirically correlated for a
number of specimen thicknesses and materials.

Further experiments using caustics for elastic -plastic frac-
ture mechanics were performed by Zehnder et a1.9.10 These
experiments investigated the dominance of the HRR fields,
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the effect of plasticity on caustics originating from the elastic
region outside the plastic zone, and the extent of the region of
three dimensionality at the vicinity of the crack tip.

The experiments were performed on thin compact tension
and three point bend specimens of 4340 and 1018 steel under
the restriction of small scale yielding. The J integral (Jcaus) or
the far -field intensity factor (Kraus) were measured with caus-
tics using different initial curve sizes. These quantities were
simultaneously measured from the boundary conditions and
were denoted JBc and KBc. The optical and boundary value
measurements were then compared for different loading and
specimen configurations. A sequence of caustics obtained
from a compact tension specimen at a fixed load is shown in
Fig. 6. Only the distance zo was varied, thus varying the
initial curve size r0. The parameter ro /rp in the figure is the
ratio of initial curve to plastic zone size. These results were
discussed and compared with the numerically generated caus-
tics in Sec. 3.

Under conditions of plane stress small scale yielding, the
elastic singular field dominates at some distance outside the
plastic zone. Thus, when the initial curve radius ro satisfies ro
» rP and ro « a, where a is the crack length or some other
relevant in -plane specimen dimension, K1 may be measured
with caustics by applying Eq. (6).

The results of the numerical analysis described in Sec. 3
indicate that the actual stress field deviates from the elastic
singular field when r < 1.5rp. Thus, values of K1 as measured
with caustics are expected to be influenced by the presence of
the plastic zone when ro < 1.5rp. Experiments were per-
formed to quantify the effect of plasticity on caustics obtained
from initial curves outside the plastic zone. The results are
presented in Fig. 10, where Kraus /KBc is plotted versus ro /rp.
The results show that far away from the plastic zone Eq. (6) is
valid. However for ro < 1.5rp, Kraus /KBc deviates from 1.0,
indicating that serious errors will occur if Eq. (6) is applied
for the evaluation of caustics in this range.

As was demonstrated by the numerical analysis described
in Sec. 3, the plane stress HRR field dominates for r < 0.3rp.
Thus, the application of Eq. (9) is restricted to ro/rp < 0.3 if
plane stress conditions are satisfied. However, due to the
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resulting in low magnification. To maintain reasonable mag­ 
nification for large z0 's, a long focal length lens  2 should be 
used. The magnification from the screen to the film in the 
camera is determined by placing a scale on the real screen and 
photographing the scale superposed on the caustic pattern.

The setup in Fig. 9(b) is commonly applied to dynamic 
fracture experiments in which a fixed z0 value is used. In this 
arrangement a test grid, printed on a glass plate, is placed in 
the incoming beam at a distance z0 from the specimen. The 
camera is then focused on this grid. The grid may be left in 
place during the experiment to provide a scale for the photo­ 
graphs of the caustics. In the setup of Fig. 9(a) light is wasted 
due to the diffuse screen, and thus relatively long exposure 
times are needed. In the setup of Fig. 9(b) no light is wasted, 
and with sufficient light very short exposure times are possi­ 
ble. For the dynamic fracture experiments performed at the 
California Institute of Technology, a 15 ns exposure time is 
achieved with a 5 W pulsed laser at a 200 kHz pulsing rate. 4

In photographing caustics one deals only with collimated 
light and specular reflections. Thus, the camera of Fig. 9(b) 
must have an aperture large enough to admit the entire light 
beam and must not obstruct any of the light within the camera. 
Precise alignment of the camera and the light beam is re­ 
quired. Most commercially available high speed cameras are 
unsuitable for caustics since they are designed for diffuse 
light.

4.2. Review of experimental work in elastic-plastic 
fracture
Very little experimental work has been done to investigate the 
use of caustics in elastic-plastic fracture mechanics. Prelimin­ 
ary experiments of this sort were reported by Rosakis and 
Freund. 5 Their work established the feasibility of measuring 
the J integral with caustics and demonstrated agreement be­ 
tween experimentally observed and analytically predicted 
caustic shapes.

Further experiments with caustics were performed by 
Marchand et al. 11 In these experiments the test specimens 
were of the compact tension type and of varying thicknesses. 
The loading fixtures allowed for the load and the load point 
displacement record to be measured. The integration of this 
record provided an independent measurement of the J inte­ 
gral. The values of J were also obtained from caustics and 
were interpreted on the basis of the HRR analysis [Eq. (9)]. 
These were compared with the actual values of J calculated 
from the load-displacement record. The effect of three dimen­ 
sionality of the near-crack-tip fields is evident in this work, 
where it was found that J from caustics is less than the actual J 
when r0/h < 0.5. Unfortunately, many of the caustics re­ 
ported in this investigation were very much different in shape 
from the HRR caustic of Fig. 3. Thus, calculation of J from 
these caustics by using Eq. (9) based on the HRR field may be 
inaccurate even if r0/h > 0.5.

A different approach was taken by Judy and Sanford, 12 who 
performed experiments in which plane stress assumptions 
were clearly violated. In such cases one cannot hope to use 
Eq. (9) to determine J from caustics. Instead, the caustic 
diameter and the J integral were empirically correlated for a 
number of specimen thicknesses and materials.

Further experiments using caustics for elastic-plastic frac­ 
ture mechanics were performed by Zehnder et al. 9 ' 10 These 
experiments investigated the dominance of the HRR fields,
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the effect of plasticity on caustics originating from the elastic 
region outside the plastic zone, and the extent of the region of 
three dimensionality at the vicinity of the crack tip.

The experiments were performed on thin compact tension 
and three point bend specimens of 4340 and 1018 steel under 
the restriction of small scale yielding. The J integral (JcaUs) or 
the far-field intensity factor (Kcaus ) were measured with caus­ 
tics using different initial curve sizes. These quantities were 
simultaneously measured from the boundary conditions and 
were denoted JBC and KBC . The optical and boundary value 
measurements were then compared for different loading and 
specimen configurations. A sequence of caustics obtained 
from a compact tension specimen at a fixed load is shown in 
Fig. 6. Only the distance z0 was varied, thus varying the 
initial curve size r0 . The parameter r0/rp in the figure is the 
ratio of initial curve to plastic zone size. These results were 
discussed and compared with the numerically generated caus­ 
tics in Sec. 3.

Under conditions of plane stress small scale yielding, the 
elastic singular field dominates at some distance outside the 
plastic zone. Thus, when the initial curve radius r0 satisfies r0 
» rp and r0 « a, where a is the crack length or some other 
relevant in-plane specimen dimension, Kr may be measured 
with caustics by applying Eq. (6).

The results of the numerical analysis described in Sec. 3 
indicate that the actual stress field deviates from the elastic 
singular field when r < 1.5rp . Thus, values of Kt as measured 
with caustics are expected to be influenced by the presence of 
the plastic zone when r0 < 1.5rp . Experiments were per­ 
formed to quantify the effect of plasticity on caustics obtained 
from initial curves outside the plastic zone. The results are 
presented in Fig. 10, where Kcaus/KBc is plotted versus r0/rp . 
The results show that far away from the plastic zone Eq. (6) is 
valid. However for r0 < 1.5rp , Kcaus /KBc deviates from 1.0, 
indicating that serious errors will occur if Eq. (6) is applied 
for the evaluation of caustics in this range.

As was demonstrated by the numerical analysis described 
in Sec. 3, the plane stress HRR field dominates for r < 0.3rp . 
Thus, the application of Eq. (9) is restricted to rjrp < 0.3 if 
plane stress conditions are satisfied. However, due to the
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within the plastic zone.

finite thickness of an actual test specimen, there is a region
near the crack tip in which the deformation field is three
dimensional. Experiments were performed to quantify the
effect of three dimensionality on the interpretation of caustics
obtained from initial curves that lie within the plastic zone.
The results are presented in Fig. 11, where J°a15 /JBC is plotted
versus ro /h, where h is the specimen thickness. The results
show that for ro /h < 0.6, J°aus /JBC is less than 1, indicating
that three -dimensional effects are important in that region.

As evident from the result of the experiments and the
numerical analysis of Sec. 3, the interpretation of caustics on
the basis of plane stress small scale yielding assumptions
severely limits the applicability of the technique in practical
applications. This is most evident near the crack tip, where
restrictions on the region of dominance of the plane stress
HRR field and the extent of three dimensionality often con-
flict. Thus, to make caustics useful for studying the toughness
of ductile materials, a different approach must be taken. This
approach is discussed next.

5. MEASUREMENT OF THE J INTEGRAL WITH
CAUSTICS IN THE PRESENCE OF LARGE SCALE
YIELDING AND THREE -DIMENSIONAL EFFECTS
As previously discussed, the interpretation of caustics based
on either plane stress asymptotic solutions or even numerical
plane stress small scale yielding analysis are too restrictive for
many practical applications in fracture mechanics. This is
because such analyses cannot effectively deal with either
three -dimensional effects near the tip or large scale yielding
effects, both characteristic of finite test specimen dimensions.
In this section, an approach is described that allows for the
measurement of the J integral with caustics regardless of
specimen dimensions and load level.17 -19 In brief, this ap-
proach is a calibration of J versus the caustic diameter D for a
particular three -dimensional specimen configuration. This
calibration is performed both experimentally and numerically
by means of a three -dimensional elastoplastic calculation.
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The two techniques are compared to establish agreement be-
tween the experiment and the numerical calculation. As one
might think, a specimen- dependent calibration of this sort has
few advantages for static measurements of J when other
simpler, more general techniques based on boundary value
measurements can be used. On the other hand, such a calibra-
tion is very useful for high rate of loading experiments in
which one would like to determine the time history of the
dynamic value of the J integral, Jd(t), in order to study a
material's dynamic fracture toughness. There currently exist
no general experimental techniques for making such measure-
ments. The existing techniques2o,21 use measured, dynamic
boundary conditions interpreted using quasistatic relations to
obtain Jd(t). Because of this interpretation, they are highly
restricted in either specimen geometry or loading rate. The
only restriction on the method of caustics is that the specimen
geometry must be planar and that one must have a high speed
camera with a framing rate fast enough to capture a sufficient
number of frames during the event.

The investigation described in the following sections is
both experimental and numerical. Caustic curves were ob-
tained from a particular specimen configuration at different
load levels and were compared with synthetic caustics ob-
tained by finite elements and corresponding to the same load
levels. The elastic -plastic finite -element analysis modeled the
exact three -dimensional specimen configuration and material
constitutive properties. To provide an additional direct com-
parison between the computation and the actual specimen
deformation, a second experiment was performed simulta-
neously with the caustics experiment. By using Twyman-
Green interferometry, the out -of -plane displacement on the
specimen surface was measured for load levels up to fracture
initiation. These displacements were compared directly with
the numerical results. In addition, the load and load point
displacement were compared with the numerical results.
Further results and details of this investigation are given in
Refs. 18 and 19.

5.1. Description of experiments
In this set of experiments,19 three point bend specimens
(number 67 and 69) with a 4:1 length to width ratio were used.
The specimen dimensions are given in Fig. 12. The specimens
were made of 4340 carbon steel. The heat treatment was
843 °C for 1.5 h, oil quench, then anneal for 1 h at 538° C.
This resulted in a yield stress vo of 1030 MPa and a hardening
exponent n of 22.5 for a fit to the piecewise power- hardening
law of Eq. (11).

5.1.1. Caustics
The caustics were recorded by means of the setup illustrated
in Fig. 13. A wide range of zo values and load levels was
used. The maximum load applied was equal to Po, the plane
stress limit load for the specimen. At low loads (up to 0.7 Po)
the caustic patterns were well defined for all values of zo.
However, when the loads were close to Po, the caustic curves
lost definition for small zo values. This is because of partial
loss of reflectivity of the specimen surface near the crack tip
due to extensive plastic deformation. On the basis of this
observation we decided to choose a constant value of zo =
100 cm for subsequent experiments. This choice allowed
caustics to be recorded accurately up to the fracture initiation
load.
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within the plastic zone.

finite thickness of an actual test specimen, there is a region 
near the crack tip in which the deformation field is three 
dimensional. Experiments were performed to quantify the 
effect of three dimensionality on the interpretation of caustics 
obtained from initial curves that lie within the plastic zone. 
The results are presented in Fig. 11, where Jcaus/JBc is plotted 
versus r0/h, where h is the specimen thickness. The results 
show that for r0/h < 0.6, JcaUs/JBc is less than 1, indicating 
that three-dimensional effects are important in that region.

As evident from the result of the experiments and the 
numerical analysis of Sec. 3, the interpretation of caustics on 
the basis of plane stress small scale yielding assumptions 
severely limits the applicability of the technique in practical 
applications. This is most evident near the crack tip, where 
restrictions on the region of dominance of the plane stress 
HRR field and the extent of three dimensionality often con­ 
flict. Thus, to make caustics useful for studying the toughness 
of ductile materials, a different approach must be taken. This 
approach is discussed next.

5. MEASUREMENT OF THE J INTEGRAL WITH 
CAUSTICS IN THE PRESENCE OF LARGE SCALE 
YIELDING AND THREE-DIMENSIONAL EFFECTS

As previously discussed, the interpretation of caustics based 
on either plane stress asymptotic solutions or even numerical 
plane stress small scale yielding analysis are too restrictive for 
many practical applications in fracture mechanics. This is 
because such analyses cannot effectively deal with either 
three-dimensional effects near the tip or large scale yielding 
effects, both characteristic of finite test specimen dimensions. 
In this section, an approach is described that allows for the 
measurement of the J integral with caustics regardless of 
specimen dimensions and load level. 17~ 19 In brief, this ap­ 
proach is a calibration of J versus the caustic diameter D for a 
particular three-dimensional specimen configuration. This 
calibration is performed both experimentally and numerically 
by means of a three-dimensional elastoplastic calculation.

The two techniques are compared to establish agreement be­ 
tween the experiment and the numerical calculation. As one 
might think, a specimen-dependent calibration of this sort has 
few advantages for static measurements of J when other 
simpler, more general techniques based on boundary value 
measurements can be used. On the other hand, such a calibra­ 
tion is very useful for high rate of loading experiments in 
which one would like to determine the time history of the 
dynamic value of the J integral, Jd(t), in order to study a 
material's dynamic fracture toughness. There currently exist 
no general experimental techniques for making such measure­ 
ments. The existing techniques20 ' 21 use measured, dynamic 
boundary conditions interpreted using quasistatic relations to 
obtain Jd(t). Because of this interpretation, they are highly 
restricted in either specimen geometry or loading rate. The 
only restriction on the method of caustics is that the specimen 
geometry must be planar and that one must have a high speed 
camera with a framing rate fast enough to capture a sufficient 
number of frames during the event.

The investigation described in the following sections is 
both experimental and numerical. Caustic curves were ob­ 
tained from a particular specimen configuration at different 
load levels and were compared with synthetic caustics ob­ 
tained by finite elements and corresponding to the same load 
levels. The elastic-plastic finite-element analysis modeled the 
exact three-dimensional specimen configuration and material 
constitutive properties. To provide an additional direct com­ 
parison between the computation and the actual specimen 
deformation, a second experiment was performed simulta­ 
neously with the caustics experiment. By using Twyman- 
Green interferometry, the out-of-plane displacement on the 
specimen surface was measured for load levels up to fracture 
initiation. These displacements were compared directly with 
the numerical results. In addition, the load and load point 
displacement were compared with the numerical results. 
Further results and details of this investigation are given in 
Refs. 18 and 19.

5.1. Description of experiments

In this set of experiments, 19 three point bend specimens 
(number 67 and 69) with a 4:1 length to width ratio were used. 
The specimen dimensions are given in Fig. 12. The specimens 
were made of 4340 carbon steel. The heat treatment was 
843°C for 1.5 h, oil quench, then anneal for 1 h at 538° C. 
This resulted in a yield stress <TO of 1030 MPa and a hardening 
exponent n of 22.5 for a fit to the piece wise power-hardening 
law of Eq. (11).

5.1.1. Caustics
The caustics were recorded by means of the setup illustrated 
in Fig. 13. A wide range of z0 values and load levels was 
used. The maximum load applied was equal to P0 , the plane 
stress limit load for the specimen. At low loads (up to 0.7 P0) 
the caustic patterns were well defined for all values of z0 . 
However, when the loads were close to P0 , the caustic curves 
lost definition for small z0 values. This is because of partial 
loss of reflectivity of the specimen surface near the crack tip 
due to extensive plastic deformation. On the basis of this 
observation we decided to choose a constant value of z0 = 
100 cm for subsequent experiments. This choice allowed 
caustics to be recorded accurately up to the fracture initiation 
load.
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Fig. 13. Optical setup for combined caustics and interferometry ex-
periment.

5.1.2. I n t e rf e ro m e try

To provide an additional independent comparison between the
numerical calculation and the experiments, a second measure-
ment was performed simultaneously on the other side of the
specimen. A version of the Twyman -Green interferometer
was used to measure the out -of -plane displacement u3(x),x2)
on the specimen surface. Due to high sensitivity of the inter -
ferometric measurement, minimization of vibration of the
specimen and optics is important. Thus, the entire apparatus,
including the loading frame, was mounted on an isolated
optical table. A schematic including both optical arrange-
ments is shown in Fig. 13.

5.2. Numerical analysis
The numerical analysis18 modeled, in three dimensions, the
actual specimen used in the experiments. The geometry of the
mesh is shown in Fig. 12(b). It consists of 10 layers of
elements through the thickness, each of which is composed of
420 eight -noded brick elements. The layer interfaces are at
distances of x3 /h = 0, ±0.15, ±0.275, ±0.375, ±0.45, and
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Fig. 14. J integral versus applied load P (experimental and from 3 -D
numerical analysis).
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Fig. 15. Load -load point displacement curve.

±0.5 from the center plane. The details of the in -plane mesh
near the crack tip are shown in Fig. 12(c). The smallest
in -plane dimension of the element nearest the crack tip is
1 /100 the plate thickness.

A small strain, incremental J2 plasticity theory was used.
The material was assumed to be isotropic and to obey the
Huber -von Mises yield criterion. The response of the ma-
terial in uniaxial tension was characterized by the piecewise
power- hardening law of Eq. (11), with a hardening exponent
on n = 22 and a yield stress of cro = 1030 MPa. These values
were chosen to match the constitutive properties of the par-
ticular heat treatment of 4340 carbon steel used in the experi-
ments. In the course of the numerical simulation, loads were
applied to the specimen incrementally in 140 steps, ranging
from 0 to 80,000 N. The average value of the J integral was
calculated using a numerical domain integral representation
as given in Ref. 22. This average value coincides with the
value of J calculated as an integral over a cylindrical surface
surrounding the crack front and divided by the specimen
thickness. The relationship between J and the applied load is
shown in Fig. 14.

5.3. Results: comparison between experiments and
calculations
5.3.1. Load displacement record
The first comparison was between the experimentally and
numerically obtained load displacement records. The experi-
mental load displacement (P -8) curve; for specimens 67 and
69 are shown in Fig. 15. For each specimen the curve is
shown only up to the point of fracture initiation. Also shown
is the P -8 curve calculated from the three -dimensional numer-
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Fig. 12. (a) Test specimen geometry. All dimensions are in centi­ 
meters, (b) Mesh for finite-element analysis, (c) Details of the mesh 
near the crack tip.
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5.1.2. Interferometry
To provide an additional independent comparison between the 
numerical calculation and the experiments, a second measure­ 
ment was performed simultaneously on the other side of the 
specimen. A version of the Twyman-Green interferometer 
was used to measure the out-of-plane displacement u3 (x!,X2) 
on the specimen surface. Due to high sensitivity of the inter- 
ferometric measurement, minimization of vibration of the 
specimen and optics is important. Thus, the entire apparatus, 
including the loading frame, was mounted on an isolated 
optical table. A schematic including both optical arrange­ 
ments is shown in Fig. 13.

5.2. Numerical analysis
The numerical analysis 18 modeled, in three dimensions, the 
actual specimen used in the experiments. The geometry of the 
mesh is shown in Fig. 12(b). It consists of 10 layers of 
elements through the thickness, each of which is composed of 
420 eight-noded brick elements. The layer interfaces are at 
distances of x3/h = 0, ±0.15, ±0.275, ±0.375, ±0.45, and
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±0.5 from the center plane. The details of the in-plane mesh 
near the crack tip are shown in Fig. 12(c). The smallest 
in-plane dimension of the element nearest the crack tip is 
1/100 the plate thickness.

A small strain, incremental J2 plasticity theory was used. 
The material was assumed to be isotropic and to obey the 
Hiiber-von Mises yield criterion. The response of the ma­ 
terial in uniaxial tension was characterized by the piecewise 
power-hardening law of Eq. (11), with a hardening exponent 
on n = 22 and a yield stress of a0 = 1030 MPa. These values 
were chosen to match the constitutive properties of the par­ 
ticular heat treatment of 4340 carbon steel used in the experi­ 
ments. In the course of the numerical simulation, loads were 
applied to the specimen incrementally in 140 steps, ranging 
from 0 to 80,000 N. The average value of the J integral was 
calculated using a numerical domain integral representation 
as given in Ref. 22. This average value coincides with the 
value of J calculated as an integral over a cylindrical surface 
surrounding the crack front and divided by the specimen 
thickness. The relationship between J and the applied load is 
shown in Fig. 14.

5.3. Results: comparison between experiments and 
calculations
5.3.1. Load displacement record
The first comparison was between the experimentally and 
numerically obtained load displacement records. The experi­ 
mental load displacement (P-8) curves for specimens 61 and 
69 are shown in Fig. 15. For each specimen the curve is 
shown only up to the point of fracture initiation. Also shown 
is the P-8 curve calculated from the three-dimensional numer-
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Fig. 16. Interferogram showing crack tip out -of -plane displacements
(load: 35,000 N).

ical model, Very good agreement is obtained between the
experiments and the calculations.

5.3.2. Interferometry
Since it is displacements that are most accurately calculated in
the finite -element method, these were chosen for the most
direct comparison with the experiments. The out -of -plane
displacements on the specimen surface were measured with
interferometry. Interferograms were recorded for load levels
ranging from 6000 N up to fracture initiation (74,700 N). At
the highest load levels the quality of the interferograms dete-
riorates. This is due to the roughening of the surface, result-
ing from plastic deformation near the crack tip, and also to the
high fringe density near the crack tip. The highest load for
which fringes very near the crack tip could be resolved was
57,300 N.

Typical interferograms are presented in Figs. 16 and 17.
Figure 17 shows that fringes can be resolved almost all of the
way up to the crack tip (up to three crack opening displace-
ments), except for the part obscured by a small caustic. Each
interference fringe represents a line of constant out -of -plane
displacement on the specimen surface. Thus, the interfero-
gram is a contour map of the specimen surface.

The numerical contour map on the bottom of Fig. 17 is a
synthetic interferogram obtained from the out -of -plane dis-
placements calculated from the three -dimensional numerical
model. The displacement increment between lines is the same
as in the optical interferogram and is equal to 0.317 p.m, or
half the wavelength of light. Good agreement is obtained
between the experimental and the synthetic interferograms.

A more quantitative comparison beween the experimental
and the numerical results is presented in Fig. 18. Here, the
experimentally obtained out -of -plane displacement u3(r,O)
along the line A = 0 is plotted as a function of normalized
radial distance r from the crack tip. The displacement is
normalized by J /vo and corresponds to a load of 52,000 N.
Also shown are the numerical results for the displacements
corresponding to the same load level. The extent of the plastic
zone ahead of the crack as well as the location along the x1
axis corresponding to half the specimen thickness are shown
for reference. The out -of -plane displacements corresponding
to the plane stress HRR field at the same average J value are
also plotted for comparison.
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Fig. 17. Comparison between experimental and numerical interfero-
grams. Experimental interferogram corresponds to an enlargement
of Fig. 16.
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Fig. 18. Nondimensionalized u3 displacement on the line O = 0, for
52,300 N load. Comparison between experiment and 3 -D numerical
analysis.

The first observation is the excellent agreement between
the experimental and three -dimensional numerical results.
The agreement of the calculated and measured u3 displace-
ments as well as the agreement of other measured quantities
leaves no question that the numerical calculations are suffi-
ciently detailed to model the deformations in the specimen
accurately.

For all load levels it was found that there is no region for
which the plane stress HRR field adequately described u3 on
the specimen surface. This is consistent with results described
in Sec. 4, where it was found that caustics based on the HRR
fields could not always be used to accurately measure J. The
asymptotic HRR field does not agree with the actual field
because of three dimensionality of the near -crack -tip fields
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Fig. 16. Interferogram showing crack tip out-of-plane displacements 
(load: 35,000 N).

ical model. Very good agreement is obtained between the 
experiments and the calculations.

5.3.2. Interferometry

Since it is displacements that are most accurately calculated in 
the finite-element method, these were chosen for the most 
direct comparison with the experiments. The out-of-plane 
displacements on the specimen surface were measured with 
interferemetry. Interferograms were recorded for load levels 
ranging from 6000 N up to fracture initiation (74,700 N). At 
the highest load levels the quality of the interferograms dete­ 
riorates. This is due to the roughening of the surface, result­ 
ing from plastic deformation near the crack tip, and also to the 
high fringe density near the crack tip. The highest load for 
which fringes very near the crack tip could be resolved was 
57,300 N.

Typical interferograms are presented in Figs. 16 and 17. 
Figure 17 shows that fringes can be resolved almost all of the 
way up to the crack tip (up to three crack opening displace­ 
ments), except for the part obscured by a small caustic. Each 
interference fringe represents a line of constant out-of-plane 
displacement on the specimen surface. Thus, the interfero­ 
gram is a contour map of the specimen surface.

The numerical contour map on the bottom of Fig. 17 is a 
synthetic interferogram obtained from the out-of-plane dis­ 
placements calculated from the three-dimensional numerical 
model. The displacement increment between lines is the same 
as in the optical interferogram and is equal to 0.317 jjum, or 
half the wavelength of light. Good agreement is obtained 
between the experimental and the synthetic interferograms.

A more quantitative comparison beween the experimental 
and the numerical results is presented in Fig. 18. Here, the 
experimentally obtained out-of-plane displacement u3 (r,0) 
along the line 6 = 0 is plotted as a function of normalized 
radial distance r from the crack tip. The displacement is 
normalized by J/a0 and corresponds to a load of 52,000 N. 
Also shown are the numerical results for the displacements 
corresponding to the same load level. The extent of the plastic 
zone ahead of the crack as well as the location along the \i 
axis corresponding to half the specimen thickness are shown 
for reference. The out-of-plane displacements corresponding 
to the plane stress HRR field at the same average J value are 
also plotted for comparison.

Fig. 17. Comparison between experimental and numerical interfero­ 
grams. Experimental interferogram corresponds to an enlargement 
of Fig. 16.

O. 1

0.0

-0. 1

92300 N

EXPERIMENTAL 

NUMERICAL

HRR

300 .0

Fig. 18. Nondimensionalized u3 displacement on the line 6 = 0, for 
52,300 N load. Comparison between experiment and 3-D numerical 
analysis.

The first observation is the excellent agreement between 
the experimental and three-dimensional numerical results. 
The agreement of the calculated and measured u3 displace­ 
ments as well as the agreement of other measured quantities 
leaves no question that the numerical calculations are suffi­ 
ciently detailed to model the deformations in the specimen 
accurately.

For all load levels it was found that there is no region for 
which the plane stress HRR field adequately described u3 on 
the specimen surface. This is consistent with results described 
in Sec. 4, where it was found that caustics based on the HRR 
fields could not always be used to accurately measure J. The 
asymptotic HRR field does not agree with the actual field 
because of three dimensionality of the near-crack-tip fields
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u3

x,

Fig. 19. Alternate views of experimental u3 displacement for 52,300
N.

and because of the finite specimen dimensions that cause
higher order terms to become important away from the crack
tip.

To help visualize the nature of the deformed specimen
surface, two different views of the experimentally obtained u3
are plotted three dimensionally in Fig. 19.

5.3.3. Caustics
In the previous section we were able to demonstrate that in
terms of out -of -plane displacements, the numerical results are
in excellent agreement with experiment. This indicates that it
should be possible to generate caustics numerically that agree
well with the experimentally observed caustics and are useful
for measuring the J integral. In this section this hypothesis is
tested.

Caustics are first recorded experimentally for specimens 67
and 69 using a fixed value of zo = 100 cm. The sequence of
caustic patterns for increasing loads up to fracture initiation is
shown in Fig. 20. For the same value of zo and the same
loads, caustics are also generated numerically from the results
of the 3 -D finite -element analysis. These are also displayed in
Fig. 20. All of the caustic curves, both experimental and
numerical, are reproduced here at the same scale. The values
of J shown are obtained through the numerical calculation and
are related to the applied load through Fig. 14. The compar-
ison shows that there is good agreement, in shapes and sizes,
between the experimental and numerical caustics.

Both experimental and numerical results were used to ob-
tain a relation between caustic diameter D and the J integral,
which is shown in Fig. 21 in a nondimensional form. J was
obtained from the numerical calculation, while D was
measured directly from the experimentally and numerically
generated caustics. Also shown in the figure are the J versus

J = 19.8 kN/m

J = 54.7 kN/m

J = 130 kN/m

J = 273 kN/m

EXPERIMENTAL NUMERICAL

Fig. 20. Sequence of caustics, zo = 100 cm. Experimental results
from specimen 67. Numerical results from 3 -D numerical analysis.

D relations obtained on the basis of the plane stress elastic
analysis, Eq. (6), and also on the basis of the plane stress
HRR field, Eq. (9).

It is seen that the experimental and numerical results are in
excellent agreement. This demonstrates that such a calcula-
tion can be used to provide an accurate analysis of caustics in
the form of a calibration for measuring the J integral. A best
fit curve is also shown in Fig. 21. This fit serves here as an
empirical relationship between the caustic diameter and the J
integral when the relationship based on two -dimensional
asymptotic analyses is invalid. This relationship is valid only
for the specimen tested here and only for zo = 100 cm. The
relationship will be used in the next section as a master curve
for interpreting dynamic fracture experiments on specimens
of the same material geometry and with the same z0.

As was done in the previous two -dimensional numerical
analysis, caustics can also be generated for a sequence of zo
values but with a fixed load. Such a sequence is shown in Fig.
22. As before, there is a transition in caustic shape from one
that looks like the HRR caustic for small zo to a more circular
caustic at large zo. Shapewise, these numerically generated
caustics agree well with caustics observed experimentally for
different zo's.
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Fig. 19. Alternate views of experimental u3 displacement for 52,300 
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and because of the finite specimen dimensions that cause 
higher order terms to become important away from the crack 
tip.

To help visualize the nature of the deformed specimen 
surface, two different views of the experimentally obtained u3 
are plotted three dimensionally in Fig. 19.

5.3.3. Caustics
In the previous section we were able to demonstrate that in 
terms of out-of-plane displacements, the numerical results are 
in excellent agreement with experiment. This indicates that it 
should be possible to generate caustics numerically that agree 
well with the experimentally observed caustics and are useful 
for measuring the J integral. In this section this hypothesis is 
tested.

Caustics are first recorded experimentally for specimens 67 
and 69 using a fixed value of z0 = 100 cm. The sequence of 
caustic patterns for increasing loads up to fracture initiation is 
shown in Fig. 20. For the same value of z0 and the same 
loads, caustics are also generated numerically from the results 
of the 3-D finite-element analysis. These are also displayed in 
Fig. 20. All of the caustic curves, both experimental and 
numerical, are reproduced here at the same scale. The values 
of J shown are obtained through the numerical calculation and 
are related to the applied load through Fig. 14. The compar­ 
ison shows that there is good agreement, in shapes and sizes, 
between the experimental and numerical caustics.

Both experimental and numerical results were used to ob­ 
tain a relation between caustic diameter D and the J integral, 
which is shown in Fig. 21 in a nondimensional form. J was 
obtained from the numerical calculation, while D was 
measured directly from the experimentally and numerically 
generated caustics. Also shown in the figure are the J versus
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Fig. 20. Sequence of caustics, z0 = 100 cm. Experimental results 
from specimen 67. Numerical results from 3-D numerical analysis.

D relations obtained on the basis of the plane stress elastic 
analysis, Eq. (6), and also on the basis of the plane stress 
HRR field, Eq. (9).

It is seen that the experimental and numerical results are in 
excellent agreement. This demonstrates that such a calcula­ 
tion can be used to provide an accurate analysis of caustics in 
the form of a calibration for measuring the J integral. A best 
fit curve is also shown in Fig. 21. This fit serves here as an 
empirical relationship between the caustic diameter and the J 
integral when the relationship based on two-dimensional 
asymptotic analyses is invalid. This relationship is valid only 
for the specimen tested here and only for z0 = 100 cm. The 
relationship will be used in the next section as a master curve 
for interpreting dynamic fracture experiments on specimens 
of the same material geometry and with the same z0 .

As was done in the previous two-dimensional numerical 
analysis, caustics can also be generated for a sequence of z0 
values but with a fixed load. Such a sequence is shown in Fig. 
22. As before, there is a transition in caustic shape from one 
that looks like the HRR caustic for small z0 to a more circular 
caustic at large z0 . Shapewise, these numerically generated 
caustics agree well with caustics observed experimentally for 
different z0 's.
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Fig. 21. Relationship between caustic diameter D and J integral.
Comparison between experimental and 3 -D numerical results.
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Fig. 22. Sequence of caustics obtained numerically for a fixed load by
varying za (from 3 -D elastic -plastic analysis).

The excellent agreement here between experiments and
calculations demonstrates the accuracy of the numerical
model and establishes confidence in the interpretation of
caustics in the presence of both extensive plasticity and
three -dimensional fields.

6. DYNAMIC OPTICAL MEASUREMENT OF J
In the previous sections we discussed a number of issues
related to the use of caustics for the measurement of near -tip
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Fig. 23. Setup for dynamic fracture initiation experiments using the
method of caustics by reflection.
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parameters in elastic -plastic fracture. The numerical calcula-
tions and experiments were performed under quasistatic con-
ditions. Under such circumstances, the use of caustics does
not present any particular advantage over other, more estab-
lished experimental techniques (e.g., compliance tech-
niques). Our major goal in this part is to demonstrate that
caustics can be used effectively for the direct (optical) record-
ing of the time history of Jd in a ductile metal specimen
subjected to dynamic loading conditions. The results pre-
sented here are preliminary and are designed to show the
feasibility of measuring Jd(t) with caustics in a dynamic situa-
tion. Further developments are described in Ref. 23.

6.1. Description of experiments
Three point bend specimens (numbers 70 and 71) of the same
dimensions and heat treatment as those in Sec. 5 (see Fig. 12)
were tested in a drop weight tower. The experimental setup is
sketched in Fig. 23. The drop weight was 1910 N and the
impact speed was 5 m /s. Caustics were photographed with
Caltech's high speed camera at a rate of 100,000 frames per
second. The tup (impactor) and the supports are instrumented
with semiconductor strain gauges to allow for the tup load and
the support loads to be recorded on a high speed digital
oscilloscope. In these experiments interest was confined to
recording the J integral up to the time of fracture initiation.

6.2. Results and discussion
The measured tup load (impact load) record for specimen 71
is given in Fig. 24. The load record is highly dynamic, and it
is clear that determination of J from the static load versus J
results is hopeless for short times. The high speed photo-
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Fig. 22. Sequence of caustics obtained numerically for a fixed load by 
varying z0 (from 3-D elastic-plastic analysis).

The excellent agreement here between experiments and 
calculations demonstrates the accuracy of the numerical 
model and establishes confidence in the interpretation of 
caustics in the presence of both extensive plasticity and 
three-dimensional fields.
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In the previous sections we discussed a number of issues 
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parameters in elastic-plastic fracture. The numerical calcula­ 
tions and experiments v/ere performed under quasistatic con­ 
ditions. Under such circumstances, the use of caustics does 
not present any particular advantage over other, more estab­ 
lished experimental techniques (e.g., compliance tech­ 
niques). Our major goal in this part is to demonstrate that 
caustics can be used effectively for the direct (optical) record­ 
ing of the time history of Jd in a ductile metal specimen 
subjected to dynamic loading conditions. The results pre­ 
sented here are preliminary and are designed to show the 
feasibility of measuring Jd(t) with caustics in a dynamic situa­ 
tion. Further developments are described in Ref. 23.

6.1. Description of experiments

Three point bend specimens (numbers 70 and 71) of the same 
dimensions and heat treatment as those in Sec. 5 (see Fig. 12) 
were tested in a drop weight tower. The experimental setup is 
sketched in Fig. 23. The drop weight was 1910 N and the 
impact speed was 5 m/s. Caustics were photographed with 
Caltech's high speed camera at a rate of 100,000 frames per 
second. The tup (impactor) and the supports are instrumented 
with semiconductor strain gauges to allow for the tup load and 
the support loads to be recorded on a high speed digital 
oscilloscope. In these experiments interest was confined to 
recording the J integral up to the time of fracture initiation.

6.2. Results and discussion

The measured tup load (impact load) record for specimen 71 
is given in Fig. 24. The load record is highly dynamic, and it 
is clear that determination of J from the static load versus J 
results is hopeless for short times. The high speed photo-
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Fig. 25. Dynamic sequence of caustics photographed during drop weight experiment, specimen 71.

graphs indicate that the fracture initiation time was 700 µs. It
is seen from Fig. 24 that the tup load showed no decrease at
that time. Thus, the load record gives no indication of the
time of fracture.

Selected caustics photographs from specimen 71 are shown
in Fig. 25. These caustics correspond in size and shape to
those recorded statically, Fig. 20. The size and shape of the
static and dynamic caustics agree well, except for the last
recorded dynamic caustic, which is elongated, indicating
crack tunneling.

Crack growth fracture in these thin, ductile specimens oc-
curs in a shearing manner (there is no flat fracture region);
thus, when the crack initiates, the caustic becomes asym-
metric due to the shearing type of fracture. The appearance of
this asymmetry provides the fracture initiation time. The time
to fracture was 700 ¡is for specimen 70 and 780 is for
specimen 71.

Using the static caustics calibration of Fig. 21 and the
caustics photographed with the high speed camera, Jd(t) was
determined for each specimen and is presented in Fig. 26. The
results are given only up to the time of fracture initiation. It is
seen that the Jd(t) record contains few of the dynamic oscilla-
tions of the tup load.

The reason for performing a fracture initiation experiment
under dynamic loading is to investigate the effect of the load-
ing rate on dynamic fracture toughness. Thus, accurate pre-
dictions of dynamic fracture initiation require dynamic frac-
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ture toughness experiments in initially notched and prefa-
tigued specimens. Although the current experiments were not
true fracture toughness measurements since they were not
performed with a fatigued crack tip but with a crack of diam-
eter 0 3 mm, it is useful to compare the fracture initiation
values Jc from the static and dynamic experiments with the
same initial crack tip bluntness. Statically, J, - 420 kN /m.
Dynamically, Jcd - 350 kN /m for both specimens.

6.3. Conclusions
For the first time, the J integral has been measured dynamic-
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seen that the Jd(t) record contains few of the dynamic oscilla­ 
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The reason for performing a fracture initiation experiment 
under dynamic loading is to investigate the effect of the load­ 
ing rate on dynamic fracture toughness. Thus, accurate pre­ 
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ally for a ductile material using an optical technique. Al-
though there exist other procedures for measuring Jd in drop
weight testing,2 °,21 these techniques are most useful for ex-
periments in which the time to fracture is somewhat long and
quasistatic approximations of Jd become acceptable. The
specimen tested here has a fracture initiation time of 700 Rs,
which is just borderline on being long enough to apply exist-
ing techniques. The interpretation of the optical method of
caustics proposed here is not restricted to long fracture initia-
tion times, and thus it complements existing techniques by
providing a measurement that can be used for very high load-
ing rates.

We are currently comparing the results of the present ex-
perimental technique based on caustics with the results of
dynamic numerical calculations performed on the same speci-
men geometry and subjected to the same transient loading
history. 23
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