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ABSTRACT 

A SHEARING interferometric method (CGS) is proposed as a viable alternative to currently used experimental 
techniques for the study of dynamic crack propagation in both transparent and opaque media. CGS is a 
full-field optical technique that provides real-time fringes representing crack-tip deformation or stress state. 
The results of the experiments are interpreted on the basis of the conventional singular asymptotic analysis 
as well as a newly developed transient higher-order asymptotic analysis. The excellent agreement obtained 
between the experimental results and the higher-order asymptotic analysis clearly indicates that the con- 
tribution of the non-singular terms to the total stress and deformation fields is too important to be ignored. 

1. INTRODUCTION 

OPTICAL techniques have been used extensively in the direct determination of transient 
crack-tip fields in an effort to investigate rapid crack propagation failure criteria. The 
method of photoelasticity, for instance, has been used to obtain dynamic fracture 
toughness of a variety of transparent, optically anisotropic materials such as Homalite- 
100 (KOBAYASHI and DALLY, 1977). The method of caustics has been used to study 
the fracture behavior of both transparent materials such as PMMA and Homalite- 
100 (RAvI-CHANDAR and KNAUSS, 1984; KALTHOFF, 1985) and opaque materials such 
as steel (ROSAKIS et al., 1984; KALTHOFF, 1985 ; ZEHNDER and ROSAKIS, 1989). Unlike 
photoelasticity, however, the method of caustics is not a full-field technique. There 
has thus been a need for a full-field technique that would work well with materials 
which are either opaque or which are not optically birefringent. 

In this paper, we present a shearing interferometric technique--cokerent gradient 
sensing (CGS)--which can be used to obtain full-field information of dynamic crack- 
tip deformation in both opaque and optically isotropic transparent solids. Unlike 
the shearing interferometer used by BALAS and DRZIK (1983) in their study of static 
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mixed-mode crack-tip fields, the set-up discussed in this paper is particularly suited 
for real-time study of rapidly propagating cracks. While all necessary details of the 
CGS technique will be presented here, a more complete description of the method, 
an account of related optical techniques, and results of a companion study pertaining 
to static crack-tip deformation fields may be found in TIPPUR e t  al .  (1989a, b). The 
purpose of the present investigation is two-fold. We show the feasibility of applying 
the method of CGS in both transmission and reflection modes to map transient crack- 
tip deformation fields in materials such as PMMA and AISI 4340 steel. We then 
devote attention toward clarifying certain issues regarding the interpretation of the 
experimental results on the basis of both existing asymptotic analyses and more 
complete transient higher-order descriptions. 

2. THE METHOD OF COHERENT GRADIENT SENSING 

In Fig. 1 the schematic of the experimental set-up used for transmission CGS is 
shown. A transparent, optically isotropic specimen is illuminated by a collimated 
beam of coherent laser light. The transmitted object wave is then incident on a pair 
of high-density Ronchi gratings, G~ and G2, separated by a distance A. The diffracted 
wavefronts emerging from grating G2 are collected through a filtering lens Lt. The 
frequency content (diffraction spectrum) of the field distribution on the G2-plane is 
thus obtained on the back focal plane of the filtering lens. A filtering aperture is 

Imaging Lens L 2 ~ "  . ~  

x3 
Image Plane k,, / 

FIG. I. Transmission CGS set-up schematic. 
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located on the back focal plane of lens L~ so as to block all but the +1 diffraction 
order. The filtered beam is then further imaged by means of a system of lenses (denoted 
here by a single lens L_, for simplicity) on to the image plane of a high-speed camera. 

Figure 2 shows the modification of the above set-up for measuring surface slopes 
of opaque solids when CGS is used in reflection mode. In this case, the specularly 
reflecting object surface is illuminated normally by a collimated beam of laser light 
using a beam splitter. The reflected beam, as in transmission mode, then gets processed 
through the optical arrangement which is identical to the one shown in Fig. 1. 

In the following sections, a first-order diffraction analysis is presented which dem- 
onstrates that the information obtained on the image plane corresponds to in-plane 
stress gradients in transmission mode, and out-of-plane displacement gradients in 
reflection mode. 

2.1. Principle 

Figure 3 explains the working principle of the method of CGS. For the sake of 
simplicity, and without losing generality, the line gratings are assumed to have a 
sinusoidal transmittance. Let the gratings G~ and G_~ have their rulings parallel to, 
say, the x~-axis. A plane wave transmitted through or reflected from an undeformed 
specimen and propagating along the optical axis is diffracted into three plane 
wave fronts E0, E~ and E ~ by the first grating G~. The magnitude of the angle 
between the propagation directions of E0 and E+ ~ is given by the diffraction equation 
0 = sin ~ (2/p), where 2 is the wavelength and p is the grating pitch. Upon incidence 

X2 

/ Xl" 

Filtor Plane L-~ ~ 
IrT~iging Lons 12 ~-~ ~ ~ x3 

Imago Plano 
FIG. 2. Reflection CGS set-up schematic. 
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FIG. 3. Working principle. 

on the second grating G2, the wave fronts are further diffracted into E0.0, E0.~, El,_ ~, 
ELo, El. ~ etc. These wave fronts which are propagating in distinctly different directions 
are then brought to focus at spatially separated diffraction spots on the back focal 
plane of the filtering lens. The spacing between these diffraction spots is directly 
proportional to sin 0 or inversely proportional to the grating pitch. 

Now, consider a plane wave normally incident on a deformed specimen surface. 
The resulting transmitted or reflected wave front will be distorted either due to changes 
in the refractive index of the material or due to non-uniform surface deformations. 
This object wave front that is incident on G i now carries information regarding the 
specimen deformation, and consists of light rays travelling with perturbations to their 
initial direction parallel to the optical axis. Thus, each of  the diffraction spots on the 
focal plane of  L~ will now be locally surrounded by a halo of  dispersed light field due 
to the deflected rays. The extent of this depends on the nature of the deformations. 
By using a two-dimensional aperture at the filtering plane, information existing around 
one of the spots can be further imaged. Here, an important but subtle point should 
be noted. Since each of  the diffraction spots is surrounded by dispersed light due to 
the deformation, overlapping of the information from different diffracted orders could 
occur on the filtering plane when the deflection of the ray is sufficiently large [i.e. 
>~ (2/2p)]. However, as will be shown in the following sections, this limitation can 
easily be overcome by the use of higher density gratings. 

2.2. Analysis 

Consider a specimen whose midplane, in transmission mode, or surface, in reflection 
mode, occupies the (x~,x2) plane in the undeformed state (Fig. 4). Let ei denote unit 
vectors along the xraxis (i = 1,2, 3). When the specimen is undeformed, the object 
wave propagation vector is along do = e3. After deformation, the propagation vector 
is perturbed and can be expressed by 
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FIG. 4. Diffraction of a generic bundle. 
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do = o~el +/3e2+Te3,  (1) 

where e(x t ,  x2), ~8(x,, x2), and 3,(x~, x2) denote  the direction cosines of  the p ropaga t ion  
vector  of  the per turbed wave front.  The object  wave front,  upon  incidence on the 
sinusoidal grat ing G ~, whose principal direction (defined as the direction perpendicular  
to the grat ing lines) is parallel to, say, the x2-axis, is diffracted into three wave fronts 
p ropaga t ing  a long do and d_+. and whose ampl i tudes  Eo(x ' )  and E_+ L(x') can be 
represented by 

E 0 ( x ' ) = a o e x p ( i k d 0 " x ' ) ,  E + t ( x ' ) = a _ + l e x p ( i k d + l " x ' ) ,  (2) 

where a0 and a_+ ~ are constants  and k = 2n/). is the wave number .  The  p ropaga t ion  
directions of  the f irst-order diffracted wave fronts  can be related to the direction 
cosines of  the incident p ropaga t ion  vector  through 

d ±~ = [cte~ + (/3 cos 0 + y sin 0)e_, + (y cos 0 ~ fl sin 0)e3], (3) 

using the diffraction condi t ion 0 = s in-J  (2/p) [see TIPPUR et al. (1989a) for details]. 
Evaluat ing  the ampl i tude  distr ibution of  three diffracted wave fronts on plane G, 
(x3 = A) (see Fig. 4), we find that  

E0l.,;= a =aoexp(ikA~, 
\ 7 /  

ikA ) 
E+ i 1,.,~=~ = a+ t exp 

- - - ~ ,cos0-T-Bsin0  

(4) 

(51 
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The wave fronts E0 and E_+ j will each undergo further diffraction upon incidence on 
G2, leading to secondary wave fronts E0.0, E0. ~, E~._ t, Et.0, E~, ~ etc. Of these secondary 
diffractions, E0,t and Et.0 have their propagation direction along d~, E0._ ~ and E_ ~.0 
along d_ ~, and Eo.o, E_ t.~ and Et_  ~ along do (Fig. 3). If information is spatially 
filtered by blocking all but the + 1 diffraction order, only the wave fronts E0.± ~ and 
E± ~.o contribute to the formation of the image. Note that the relative phase differences 
acquired by these two wave fronts is only in their travel from plane G~ to plane G2. 
Thus the amplitude distribution on the image plane is 

f i m  = (E0+E± j)l.,,~=a = ao exp +a+_~ exp\ycosO_T_flsinOj. (6) 

Hence, the intensity distribution on the image plane is 

9 
lira = EimE* ,~ a?~ +aim +2a0a_+ j cos (kAflO), (7) 

where E~* is the complex conjugate of Elm ; and small 0 and paraxial approximations 
(leading to y ~ !) are made. Thus, I~m denotes an intensity variation on the image 
plane whose maxima occur when 

kAflO=2mr,  n=0,___l,___2 . . . . .  (8) 

when n denotes fringe order. In like manner, when the principal direction of the 
grating is parallel to the x~-axis, it can be shown that fringe maxima correspond to 

kA~O=2mTz, m = 0 , _ l , + _ _ 2  . . . .  (9) 

Equations (8) and (9) are the fringe relations governing the method of  CGS and they 
relate fringe orders to the direction cosines of the object wave front. It is clear from 
(8) and (9) that the sensitivity of the method could be increased by either increasing 
the grating separation distance A or decreasing the grating pitch p. Also note that 
there is a spatial uncertainty of 6 = A tan 0 in the direction of shearing. This is due 
to our tacit approximation that the propagation vector of the deformed wave front is 
constant over the shearing length 6. This uncertainty in spatial location is typical of 
all shearing interferometers, and is unavoidable. 

2.3. Relation between direction cosines and deformation 

We now relate the direction cosines of the object wave front to deformation 
quantities of interest for both transmission and reflection cases. 

2.3.1. Transmission. Consider a planar wave front incident normal to an optically 
isotropic, transparent plate of uniform nominal thickness h and refractive index no. 
Now, if the plate is deformed, the transmitted wave front acquires an optical path 
change 6S which is given by the elasto-optical equation (ROSAKIS and RAVI-CHANDAR, 
1986) 
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f0 ;? 6S(x~,x2) = 2 h ( n 0 - l )  /333 d(x3/h)+2h 6no d(xdh).  (10) 

The first term represents the net optical path difference due to the plate thickness 
change caused by the strain component/333. The second term is due to the stress- 
induced change in the refractive index of the material. This change in the refractive 
index 6n0 is given by the Maxwell relation (BErNERT and KALTHOFF, 1981) 

6no(xl,x2) = Dl(al l  +a22 +0"33), (1 1) 

where D~ is a stress-optic constant and a 0 are stress components. For  an isotropic, 
linear elastic solid, the strain component/333 can be related to stresses and thus (10) 
can be written as 

dO - [ IV[0"11 +0.22_J 

where c = D ~ - v ( n o - 1 ) / E ,  D2 is a modified stress optic constant [see TIPPUR et al. 
(1988a)], and E and v are the Young's modulus and Poisson's ratio of  the material, 
respectively. Equation (12) is written in such a way that the term in the square brackets 
represents the degree of plane strain. When plane stress is a good approximation, this 
term can be neglected and (12) reduces to 

6S ~. ch(611 +622), (13) 

where 6~t and 622 are thickness averages of  stress components. The deformed object 
wave front is then described by S(x ~, x2, x3) = x3 + 6S(xj,  x2) = constant. The propa- 
gation vector for the object wave front is, by definition, a unit vector normal to the 
wave front and is given by 

v(66 a(6s) 0(866 
d o -  IV(S)l ~ c~x~ -e'  + 6q~_-~2 e2+e3 (14) 

for IV(6S)12 << 1. Thus, using (13) and (14) in the fringe relations (8) and (9), the 
fringes are seen to be related to the gradients of stress quantities through 

mp 
ch (6 , ,+622)  = ~ - ,  

a•2 np 
ch (611 +#22)  ~" S '  

(15) 

(16) 

2.3.2. Reflection. Consider a specimen whose reflective surface occupies the (x ~, x2) 
plane in the undeformed state. Upon deformation, the reflector can be expressed as 

F ( x l , x 2 ,  x3) : x3-[.-lg3(xi,x2) ~- O, (17) 

where u3 is the out-of-plane displacement component. The unit surface normal N at 
a generic point O(Xl,X2) is given by 
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VF Ua, let +Ua.2e2 + e  3 
N -- -- - , (18) 

JVF] x/1 +ui , ,  +ul.2 

where u3,, implies differentiation of  u3 with respect to x,. Consider now a plane wave 
which is incident on the specimen along the -x3-direct ion.  From the law of  reflection, 
and noting that vectors do, N and e3 are coplanar, the propagat ion vector do of  the 
reflected wave front is seen to be related to the gradients of  u3 through 

do ,~ 2u3.,e, +2u3.2e_, +e3,  (19) 

where it is assumed that IVu312 << 1. Using the above in the fringe relations (8) and 
(9), we find that 

- ~ m = 0 , 4 - 1 , 4 - 2  . . . . .  (20) 

Ox2 n = 0, 4- 1, 4-2 . . . . .  (21) 

where the relations 0 ~ (2/p) and k = 2n/2 are made use of. For  an isotropic, linear 
elastic solid, the out-of-plane displacement u3 can be expressed as follows" 

0"33 d(x3/h). 
u 3 = - ~  ( a , , + a 2 2 )  1 -  (a ,~+a22 (22) 

In the above, the term in the square brackets represents the degree of plane strain 
and, when plane stress is a good approximation,  it can be neglected. Thus, (22) reduces 
to 

vh 
u3 ~ - ~(d,l +#22). (23) 

Hence, from (20) and (21) : 

Ou3_ vh 0 (if1 +d22)= - ~  m 0,+1 +2,  (24) 
Oxl 2E 0xj i = - . . . . . .  

(~143__ vh 0(6~t+622 ) =(np] 
Ox2 2EOx~_ \ / ~  n = 0 , 4 - 1 , 4 - 2  . . . . .  (25) 

3. EXPERIMENTS 

Experiments were performed on P M M A  specimens in both transmission and reflec- 
tion modes, and on AISI 4340 steel specimens in reflection mode. 
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3.1. Specimen preparation 

The specimen geometry used is shown in Fig. 5. The nominal specimen dimensions 
were length 2l = 15.2 cm, width w = 12.7 cm, and thickness h = 1 cm. For CGS in 
transmission mode, specimens were made from a flat sheet of  PMMA. A band saw, 
approximately 0.75 m m  thick, was used to cut an initial notch of length a = 25 mm 
in these specimens. In the reflection mode, both P M M A  and AISI 4340 steel specimens 
were used. For PMMA,  an aluminum coating was applied to the specimen surface 
through a vacuum deposition technique in order to make it reflective. For  AISI 4340 
steel specimens, an initial notch of  length a = 38 mm and root radius 0.I 5 mm was 
made through electric discharge machining. The steel specimens were heat-treated so 
as to obtain a nominally brittle material with a yield stress in uniaxial tension of 
a0 ~ 1700 MPa. After the preliminary machining and heat-treatment processes were 
completed, one face and the edges of  each specimen were ground to ensure flatness 
and perpendicularity. The ground surface was lapped and then polished using a 
diamond polishing compound through a sequence of  nine, six, three and one micron 
step to obtain an optically-fiat, reflective surface. An aluminum coating was then 
applied to the specimen surface to further increase its reflectivity. 

3.2. Loading device 

The specimens were loaded in a three-point bending configuration. The loading 
device used to dynamically load the specimens was the Dynatup 8100A drop-weight 
tower which works as follows. A drop-weight whose mass and impact velocity can be 
varied to provide a range of  impact energies, slides on two rails and can be hoisted 
to the desired height to obtain impact velocities of  up to 10 m s -  ~. A pneumatic valve 
releases the weight from the chain in free-fall. The hammer  mounted at the bot tom 
of  the falling drop-weight impacts the specimen which then gets dynamically loaded 
to the point of  crack initiation, whence the crack propagates rapidly through the 
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FIG. 5. Specimen geometry. 
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specimen. The experimental configuration is such that the crack is under mode-I 
loading conditions. 

3.3. High-speed photography 

A high-speed camera set-up (Fig. 6) was used to obtain a sequence of dynamic CGS 
interferograms. A Spectra Physics (model 166) argon-ion pulse laser (output power 
2 W at 2 = 514 nm in continuous-wave mode) was used as the light source. The laser 
beam was expanded and collimated to obtain a beam 50 mm in diameter which was 
centered on the initial notch tip of  the specimen. The transmitted (in transmission 
mode) or reflected (in reflection mode) object wave front was then processed through 
a pair of  line gratings of  density 40 lines/mm with a separation distance A = 30 mm. 
The gratings were oriented with their principal direction either parallel or perpen- 
dicular to the crack line in order to obtain either the x~- or x2-gradient information 
of the crack-tip fields. The resulting diffracted wavefronts were then collected, filtered 
and imaged onto a rotating-mirror high-speed camera through a series of  lenses. 

The camera consists of a 45 ° mirror mounted on the rotating shaft of  a high-speed 
turbine. The in-coming light beam that enters the camera along the axis of the turbine 
is thus swept onto the film track by the mirror as it rotates. To obtain discrete pictures, 
the pulsing circuit of  the laser was nominally set to give 50-ns exposure every 7-10/~s 
for a total of I ms from the time of an input trigger. Since the camera mirror was set 
to rotate at 800 rps, the above settings ensured that picture blur was minimal and also 
avoided overlap of  frames while providing an adequate time-window for capturing 
the dynamic loading and crack-propagation event. The input trigger that initiates the 
pulsing of  the laser was provided by a mechanical interrupt type photo-diode switch 
mounted on the fixed tower of the drop-weight machine. The switch was so positioned 
that the falling weight itself would activate it at the moment of impact of  the hammer 
with the specimen. 

4. RESULTS 

The time sequence of CGS interferograms mapping the transient crack-tip defor- 
mation fields are analyzed in this section. In the first part, the analysis of fringe 
patterns is attempted under the assumption of  K)Cdominance- that is, it is assumed 
that the stress and displacement fields all around the crack tip are well described by 
the asymptotic, square-root singular, dynamic stress-intensity factor (K~ 1) term. The 
inadequacies of this approach are then discussed, and a scheme for interpretation of 
CGS fringes using a more full-field description is discussed. 

4.1. Fringe interpretation under K~-dominance assumption 

FREUr, n) and CLIFTON (1974) have shown that the stress field with reference to 
a Cartesian coordinate system moving with a propagating crack tip for all plane 
elastodynamic solutions for smoothly running cracks under mode-I conditions can 
be asymptotically described by the square-root singular expression 
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FIG. 7. (a) Sequence of transmission CGS x rgradient fringe patterns for a dynamically propagating crack 
in PMMA specimen (PD-I I). 
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FIG. 7. (b) Enlarged view of transmission CGS xrgradient  fringe pattern for a dynamically propagating 
crack in PMMA specimen (PD-I 1). 
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FIG. 7. (c), Crack-tip location as a function of time for a dynamically propagating crack in PMMA 
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FIG. 8. Sequence of transmission CGS x2-gradient fringe patterns for a dynamically propagating crack in 
PMMA specimen (PD- 18). 
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3 - D  Contours of Degree of 
Plane Stra in °'33 

FIG. 16. Three-dimensional contour map showing degree of plane strain in the near-tip region of a three- 
point bend specimen [from KRmHNASWAMY et al. (1988)]. 
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Kd-dominant analysis 
Experimental data 
Higher-order transient analysis 

FIG. 18. Synthetic fringe patterns reconstructed from one-term (solid lines) and higher-order (broken lines) 
transient analysis superposed on the corresponding transmission mode .,,-~-gradient CGS interferogram for 

specimen (PD-I 1 I. 
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Kd-dominant analysis 
Experimental data 
Higher-order transient analysis 

FIG. 21. Synthetic fringe patterns reconstructed from one-term (solid lines) and higher-order (broken lines) 
transient analysis superposed on the corresponding reflection mode x~-gradient CGS interferogram for 

specimen (PD- 16). 
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FIG. 23. Reflection mode x~-gradient CGS fringe pattern for a rapidly propagating crack in AISI 4340 
steel specimen (MD-3) showing strong influence of stress waves. 

357 





Crack-tip deformation fields 359 

K;~(t) , 
6~/~(r, 49) - ,/2rtrE,l~(ck, a)+O(l) ,  a s r ~ 0 ,  (26) 

V 

where (r, ~b) is a polar coordinate system travelling with the crack-tip, and Z~a are 
known universal functions of ~b and crack velocity it (with respect to some fixed 
coordinate frame). Indeed, K~(t), the so-called dynamic stress-intensity factor in mode 
I, is the only factor which is dependent on the specific geometry and loading conditions. 
Any finite region around the crack tip where the above asymptotic field dominates (to 
within some acceptable error) will be referred to as a K~Cdominant region. 

4.1.1. Transmission mode. Figure 7(a) shows a representative sequence of CGS 
(transmission mode) interferograms for the case of a dynamically propagating crack 
in PMMA specimen (PD-I 1). Figure 7(b) is an enlarged version of one of the inter- 
ferograms from the above sequence showing the details of the near-tip fringes. Figure 
7(c) shows the time history of crack-tip location from which it is seen that the crack 
propagated with an essentially constant velocity of about 0.25 times the shear wave 
speed of  the material. These fringe patterns correspond to the case when the diffraction 
gratings were oriented with their principal directions parallel to the x taxis. Thus, the 
fringes surrounding the crack tip at each time represent the x,-gradient of (6~t + ~22)" 
In Fig. 8, a sequence of transmission mode CGS interferograms for PM MA specimen 
(PD- 18) is shown. Here, the diffraction gratings were oriented so as to obtain the x+- 
gradient of (~1 i -]-~22). 

The fringe patterns were digitized for analysis to get the fringe order (m or n) and 
location (r, ~b) with respect to the crack tip at each instant in time. As previously 
mentioned, the spatial location (r, q~) is inherently uncertain to within 6 = A tan 0 in 
the direction of shearing. For typical experimental parameters this amounted to an 
uncertainty of about 0.6 mm. Note that the percent uncertainty in radial location r is 
lower for the outer fringes than for the fringes closer to the crack tip. 

If we now assume that the crack-tip fields are K~/-dominant, we find, using (26) in 
the fringe relations (15) and (16) that 

K J 
ch~((z) I r 3;2 (3q~//2)+O(r >2) mp - -  i cos (27) = s '  

ch~(a) r7 3]'- sin (3c~J2)+O(r -312) = n p (28) 
~ / 2 r c  a ' 

where a negative sign has been absorbed into the fringe orders. In the above 

(1 + cq~)(~--~)  
~(~) = 4~ ,~- - ( i  + ~;7) -~' (29) 

qS, = t a n - '  (cq tan q~), (30) 

r, = r cos 4~(1 +a / t an2  ~b), (31) 

[ c % =  1 -  (32) 
\ c / : . ~ / _ 1  ' 
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FIG. 9. Radial variation of YaJr, /p)  along various q5 for a dynamically propagating crack in P M M A  
specimen (PD-I I) corresponding to 20 ps from crack initiation when crack length to plate width ratio 

a / w  = 0.23. 

and ct and cs are the longitudinal and shear wave speeds, respectively, of the material. 
Now let us define two functions Y'[(r, ~b) and Yg(r, q~) as follows" 

Y]'(r, ~p ) = ch~(a) cos (3q5,/2)' (33) 

ch~((O sin (3q~/2)" (34) 

It is apparent from the above and (27) and (28) that, in regions where K)/-dominance 
holds, yd would be a constant equal to the instantaneous dynamic stress-intensity 
factor K / t o  within experimental error. 

Figure 9 shows a typical plot of Y'( against normalized radial distance (r/h) for 
one particular specimen (PD-11) for a time instant a few microseconds after crack 
initiation. As is apparent from Fig. 9, there appears to be no region around the crack 
tip over which the function y a is constant. Indeed the spread in Y]~ values from 
different locations is as much as 400%. Obviously, extraction of  the dynamic stress- 
intensity factor value cannot be based here on a simplistic assumption of  near-tip K~ 
dominance. One other interesting point must be made. The instantaneous crack length 
a to plate width w ratio at the time shown in Fig. 9 was a/w = 0.23. The immediate 
question that arises is" would there be a region of static Kr-dominance around the 
crack tip for the case of  a statically loaded specimen of the same geometry? The 
answer is provided in Fig. I0 which shows a plot of the static counterparts of the 
quantities plotted in Fig. 9 for the case of a specimen (PS-9) with a/w = 0.2. In the 
region (r /h)< 0.5, ~ta,~ does not seem to be constant and thus the field in this 
region does not appear to be KFdominant. This is consistent with other experimental 
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investigations wherein such deviation has been attributed to near-tip three-dimen- 
sionality (ROSAKIS and RAvI-CHANDAR, 1986; NIGAM and SHUKLA, 1988). Outside 
this three-dimensional region, however, there appears to be sizeable region of constant 
~t~t~¢ in the range 0.5 ~< (r/h) <~ 1.25. Further, the constant value of ~t~c in this range 
is in good agreement with the static stress intensity factor K f  as obtained from 
applied boundary load measurements. This is a clear indication that even though a 
specimen might exhibit a sizeable region of Kx-dominance under static loading conditions, 
there might be no corresponding region of K~-dominance under dynamic conditions. 

In Fig. 11 a plot of Y~ against normalized radial distance (r/h) is shown from the 
x2-gradient CGS interferogram for specimen (PD-18) for a time instant about 7 ps 
after crack initiation. The angular spread of  Y~ values in this case is less than that 
observed for y~l. The reason for this lies in the different ways in which the higher- 
order terms affect the x~- and x2-gradient fields. It can be shown that the higher-order 
terms affecting Y~ have a weaker angular dependence in the region of measurement 
(q~ = 30-90~'), with Y~ being different from K/primari ly  in magnitude in this region. 
The corresponding phenomenon for the static case is discussed more quantitatively 
in TIPPUR et al. (1988b). To avoid digressing into the details of that discussion, we 
will cite only the conclusions which are applicable to the dynamic case: the issue of 
K~-dominance depends on the field quantity under consideration, with higher-order 
terms affectin 9 different field quantities dOferently. 

Thus far we have seen that K[-dominance does not appear to hold for a dynamically 
propagating crack, at least for times immediately after crack initiation. The initiation 
of a crack from a pre-cut notch is expected to be a highly transient event, and this 
could be one source of the observed lack of K/-dominance in the experiments. If so, 
could a K/-dominant region develop around the propagating crack tip once the 
initiation transients have attentuated? From Fig. 12, which is a plot of Y'( vs (r/h) 
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along q5 = 0 ° for a specimen (PD-I 1) for different times from crack initiation, it does 
appear that, as the initiation transients die out, the variation in y a along ~b = 0 ° tends 
to decrease. However, comparison with y a values along other radial lines (Fig. 13) at 
later times indicates that continuing higher-order transient effects and possible bound- 
ary interaction with the crack tip preclude the establishment of  a truly K/-dominant 
region for this specimen/loading configuration. 

The observed lack of K/-dominance outside the near-tip three-dimensional region 
could be due to many reasons. Fundamentally, it could be that the highly transient 
nature of the deformation field in this finite geometry necessitates a more full-field 
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description of  the crack-tip fields. In addition, there is a possibility of  rate effects 
affecting the properties of the material. If the mechanical properties of the material 
are strongly rate-dependent, then one might have to use not an elastic analysis, but a 
viscoelastic one. For  PMMA, however, the viscoelastic response, especially at the 
high loading rates and short time scales under consideration, is expected to be essen- 
tially glassy (FERRY, 1980). If, on the other hand, the rate dependence of the optical 
properties (especially D ~) is strong, then the apparent lack of Kta-dominance could be 
an artifact of  the choice of a transmission optical technique. In order to rule out this 
latter possibility, dynamic crack-tip fields in the same material (PMMA) were mapped 
using CGS in reflection mode. 

4.1.2. Reflection mode. Figure 14 shows a sequence of  the x t-gradient fringe patterns 
for PMMA specimen (PD-16) in reflection mode. Interpretation of these fringes is 
once again done assuming K~a-dominance, under which the reflection mode fringe 
relations (24) and (25) become 

vh . . . .  Kari_3/2 (mp) (35) 2 - - E ~ t a ) ~  cos (3q~t/2)+O(r -3/2) = ~-A , 

vh K/ (rip) 
o~ (.~'~ r -  3/2 ~ - ~ - ~ - J ~  t sin (3flpt/2)+O(r -3/2) = (36) 

x/2rc ~ • 
Now define the functions 

rap) 1 
z~'(r'¢)= 5S ~ ( , ~ ) - -  

Zg(r'q~) = 2-A ~ ( d ) - -  

2Ex /~  r 3/2 
vh cos (3~b//2) ' 

2 E x / ~  r 3/2 

vh sin (34~,/2)" 

(37) 

(38) 
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Once again, in regions of Kd-dominance, Z ff would be a constant identically equal to 
the value of instantaneous dynamic stress-intensity factor. 

In Fig. 15, the function Z d is plotted against (r/h) for one particular instant during 
crack propagation in PMMA specimen (PD-16). Once again, we note that there is no 
region around the crack tip where this function is a constant, indicating that the crack- 
tip fields were not Kd-dominant. Thus it is clear that the observed lack of Kd-dominance 
in the PMMA transmission CGS experiments cannot solely be attributed to the rate 
dependence of the stress-optic coefficient. Indeed, we will see in the next section that 
the CGS interferograms can be consistently interpreted on the basis of higher-order, 
elastodynamie fields, which would therefore seem to preclude rate effects (on mech- 
anical or optical properties) as being the source of the observed lack of Kd-dominance. 

4.2. Fringe interpretation using higher-order description of fields 

While dynamic caustic patterns have conventionally been analyzed under the often 
unverified assumption of Kd-dominance, the use of higher-order terms has been the 
recent practice in the method of photoelasticity (DALLY et al., 1985). However, all 
available higher-order elastodynamic solutions thus far have been for the case of 
steadily propagating cracks, and the applicability of such solutions to possibly highly 
transient problems has been questioned. Indeed, the main criticism of this approach 
has been that such a procedure may result in inappropriate time averaging of field 
quantities (KNAUSS and RAW-CI-tANDAR, 1985). 

In the following, we will relax the assumptions of near-tip K)~-dominance and 
steady-state crack propagation. We will show that the experimentally obtained trans- 
mission and reflection mode CGS interferograms can be successfully interpreted on 
the basis of a transient, higher-order stress field for a propagating crack that has 
become available recently (FREt;ND and ROSAKIS, 1990). In addition, we will also 
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identify the conditions under which dynamic crack propagation data can possibly be 
analyzed under a higher-order steady-state approximation. 

4.2.1. Transient higher-order analysis. FREUND and ROSAKIS (1990) have extended 
the earlier interior asymptotic solution of FREUND and CLIFTON (1974) to provide a 
higher-order description of the transient stress state at the vicinity of a dynamically 
propagating crack. Specializing their results to the case of constant crack velocity 
appropriate to our experiments [see Fig. 7(c)], we find that the higher-order expression 
for (61t+622) needed in the evaluation of fringe relations (15), (16), (24) and (25) is 
giver] by 

(Yl i "q- ff22 3 a  2 2~ 2 
2p(c~ -c~)  - 4c~ Ao cos (qbd2)r[ 1/2 + cf~ At 

~'~ 15~2 ( a 2 )  I 1 ~2.;DI(Ao) cos(B~)I/a)}FI'/2 + t k  4c~ A2+ 1 -  ~ D (A0) cos (~bt/2)+ 8c7 

c o s  ,., 

~l_ 4d An+ 

xcos (34d2)+ D'(A2) + 1- D-(Ao)+ gcTcTAoJcos(4~,/2) 

+ "fI-12' 2AtLWF s+ (l-- ~ct2)D'(A3)a2 

+ 1 ~ +  1- .kl', cos(2~1)+ D'(A3)+8 1- D-(A~) 

a l} + ~c? A, r,+O(r,), 

where 

D I (Ak) = 
(k+ 3)a d 22 c/al dt 

( A k ) ,  k = 0, 1,2 . . . . .  

' ( d~ ) 
~'~=c,~ ~A~ , 

(39) 

and p is the density of the material. Although the above expression is for the special 
case of constant crack velocity, the coefficients A~ in the above transient field are 
allowed to be time-varying as opposed to the steady-state approximation where the 
corresponding coefficients must be constant. Note also that the spatial variation of 
the terms associated with coefficients Ak are identical to the ones that would be 

D2(Ak) = Dl[Dl(Ak)], 

(40) 
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obtained from a higher-order steady-state analysis with A0 being related to the 
dynamic stress-intensity factor and so on. Furthermore, it is seen that the higher- 
order transient expression contains additional terms whose coefficients depend on 
time derivatives of lower-order coefficients. For example, D t(Ao) is proportional to 
the first time derivative of the stress-intensity factor history and so on. 

4.2.1.1. Transmission mode. Using the transient field given in (39) in the x~-gradient 
transmission mode fringe relation (15), and re-arranging terms, we get an expression 
of the form 

@(a) ch cos (3~bf12) cos (3q51/2) cos (3~//2)_jrl 

I 1 -] 3/, I cos(4~d2) 
+ /34 cos (3~b//2iJ"/ - + /35 cos (3~b//2) 

cos (7~b//2)-] , 

~-n COS (q~/) 7 .5/2- . .~ ,r  3 ,  +LPScos(34~,/2)j,, . u t  ). (41) 

where K~ ~, the dynamic stress-intensity factor, as well as/32..-/38 are constants to be 
determined. The left-hand side of (41) is nothing but the function y~l defined in (33). 
Under K~l-dominance, yd  would have been a constant equal to the instantaneous 
stress-intensity factor K ]. If significant higher-order transient terms exist, then the 
variation of Y'~ would be given by the right-hand side of (41), which for simplicity 
will be denoted by G'~l(r, ~ ; K a,/32 . . . .  /38). 

A least-squares procedure analogous to the one described by TrPPUR et al. (1989b) 
was used to fit the above function G'~ to the experimental data ya obtained from the 
CGS interferograms. Since (39) is obtained from a two-dimensional analysis, data 
from the near tip three-dimensional region were excluded. This was done using the 
results from a three-dimensional elastodynamic finite-element analysis of this speci- 
men configuration as described in KRISHNASWAMY et al. (1988). The three-dimensional 
region excluded was based on a cutoff value for the degree of plane strain (which, 
strictly, should be zero in regions of plane stress) as shown in Fig. 16. 

Figure 17 shows the results for one particular time instant during crack propagation 
in specimen (PD-I 1). The agreement between the fitted function G~ ~ [based on the 
transient expansion (39) to O(r2)] and the experimental data in Fig. 17 are indeed 
seen to be remarkably good. Figure 18 conveys a more visual picture of the agreement 
between the transient analysis and the data. Here, a reconstructed fringe pattern from 
the fitted function G a is shown superposed (as broken lines) on one side of the 
corresponding CGS interferogram. Also shown on the other side as solid lines is the 
reconstructed fringe pattern obtained from a least-squares analysis based on the 
assumption of K/-dominance [equivalent to using only one term in (39)]. The crosses 
on this side represent the experimental data obtained from the CGS interferogram. 
It is seen that the transient analysis agrees very well with the experimental data in 
the range (0.5 < r/h < 2.0, - n  < ~b < n), whereas the K~l-dominance assumption is 
clearly inadequate. This was seen to be the case for other time instants as well. This 
conclusively shows that the observed lack o f  K~-dominance in the two-dimensional 



C r a c k - t i p  d e f o r m a t i o n  fields 367 

5.0 

4 .0  

. s  o - . . . . . . . . . . . .  0 

3.0 .--" o . . . . . . . . . . . . . . . . . . . . . . . . .  

A... -A" .. . .o . . . . . .  ~ . . . . . . . . . . . . . .  ~" . . . . . . . . . . . . . . . . . . . . . . . . . . .  o" 

2.0 . . . .  " ' . . .--:~:¢,- '" ' ; ,  
;;::;::: ..... ,-,n o _ n 0 deg 
. . . . . . . . . . . . .  " ~ p  ,1¢ - ~ . -  - , w  - . . . @ . . .  _ o "'-.- . . . . . . . . .  30deg 

L~ ~... A 45deg 
1.0 o 120 deg 

0.0 ' ' ' ' ' ' 
u.0 0.5 1.0 2.0 

r/h 

FIG. 17. Comparison of the radial w.|riation of the experimental data Y'((r, 4>) and the amdytical lit G'~(r. 4)) 
for various (]~ for transmission mode CGS pattern for specimen (PD-I I). 

region outside the near-tip three-dimensional zone is due to the important contribution 
of  higher-order terms to the total stress and deformation fields around the crack tip. 

The errors associated with interpretation of experimental data on the basis of K/- 
dominance can now be evaluated. Figure 19 shows the time variation of the dynamic 
stress-intensity factor during crack propagation in specimen (PD-11) as obtained from 
the time sequence of  x~-gradient CGS fringe patterns. The solid line represents the 
value for the dynamic stress-intensity factor when the fringes were interpreted on the 
basis of the higher-order transient analysis. The dotted line corresponds to the value 
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for the dynamic stress-intensity factor obtained when the fringes were analyzed under 
the assumption of K~Ldominance. It is clear that interpretation of experimental data 
on the basis of K~Ldominance leads to substantial errors in the measured values for 
the dynamic stress-intensity factor. 

4.2.1.2. Reflection mode. A higher-order analysis of reflection mode CGS inter- 
ferograms can be done along essentially the same lines as described above. Using the 
higher-order expression for stresses from (39) in the reflection mode fringe relation 
(24) leads after rearrangement to 

mp) 1 2Ex//2~ r 3/2 
2A ~(~) vh cos (3~,/2) - Ga~(r' q~ ;K~ ' f l 2 ' ' '  fiB), (42) 

where G'~ ~ is the same e;~pression as the right-hand side of (39) and the left-hand side 
of (42) is the quantity Z'[ previously defined in (37). Once again, the experimental 
data Z~ a can be fitted to the function G'[ through the least-squares procedure discussed 
earlier. 

Figure 20 shows the reflection mode CGS results for one particular time instant 
during crack propagation in a PMMA specimen (PD-16). As in the transmission 
mode case, the agreement between the fitted function G] ~ and the data Z a is good 
outside the near-tip three-dimensional region. This is more graphically brought out 
in Fig. 21 where the reconstructed fringe pattern from the higher-order analysis is 
shown superposed (as broken lines) on the CGS interferogram on half of Fig. 21. 
Also shown on the other side of Fig. 21 as solid lines is the reconstructed fringe pattern 
obtained from a least-squares analysis based on the assumption of K~a-dominance. 
The crosses on this side represent the experimental data obtained from the CGS 
interferogram. Again, it is seen that K~a-dominance assumption is clearly inadequate. 
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We thus note that a consistent interpretation of  both transmission and reflection mode 
CGS fringe patterns is possible through inclusion o f transient, higher-order effects. 

4.2.2. Steady-state higher-order analys&. We next look at the possible applicability 
of  higher-order, steady-state elastodynamic solutions (DALLY et al., 1985) in the 
interpretation of  CGS fringe patterns. A detailed examination of the transient, higher- 
order stress field [(39)] indicates that the use of a steady-state, higher-order expansion 
would be appropriate only when: (i) the time derivatives of  the coefficients cor- 
responding to the higher-order steady-state terms are all negligibly small, and (ii) the 
crack velocity is essentially constant. Intuitively, these conditions imply that the crack- 
tip state is relatively quiescent. If the dynamic crack propagation event is deemed 
quiescent, we may analyze the CGS interferograms on the basis of the steady state, 
higher-order expansion for the stress field, the results of which should be accepted 
only if the use of such a procedure can be justified post facto. 

Using the results of DALLY et al. (1985) for the stress field in the fringe relations 
(15) and (16) we find, on rearrangement of terms, that 

. c ° s ( N - 2 ) q  5, 
I'mo'~[_~_~ 1 w / ~  r 3/2 _ Kal + E ANrlN_I,, 2 (43) 

~((l) ch cos (3q51/2) N= 3 COS (3q~//2) ' \ z a /  

sin 

~(a) ch sin (3q~1/2) - K~+N= ~3 Aur~N-')/2 sin (3~bl/2) ' (44) \6} 

where the stress-intensity factor K~ a, and the coefficients of the higher-order terms 
A 3. • • AN are constants to be determined. Note that the constant term in the expansion 
for the stress component a~  does not appear above (and hence the lack of the A2 
term). This is because CGS is sensitive to only the gradients of stresses. Once again, 
the left-hand sides of  (43) and (44) are the functions Yff, and the right-hand sides will 
be denoted by F~(r, q~, Kay, A 3...  AN). As before, the experimental data y a can be fitted 
to the function F~ by means of a least-squares procedure to extract the various 
coefficients including the stress-intensity factor. Obviously, the infinite series defining 
F "~ needs to be truncated at some point. Unfortunately, since the individual terms of 
the series are not mutually orthogonal, the values obtained for the corresponding 
coefficients could be affected by the choice of  number of  terms used. A consistent 
scheme for truncation of  the series is, therefore, needed. The choice of the optimal 
number of higher-order terms to use is made here on the basis of a criterion described 
in detail in TIPPUR et al. (1989b). Note that this is not a trivial issue, since it appears 
that erroneous results could be obtained if substantially more than the optimal number 
of  terms is used. 

The sequence of  CGS interferograms from specimen (PD-i 1) were analyzed using 
the above procedure. Typically a five-term expansion [in (43)] was found to be 
necessary to adequately describe the crack-tip fields. Figure 22 shows the time variation 
of the dynamic stress-intensity factor and that of the other four higher-order 
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coefficients as measured from x n-gradient CGS interferograms through the least- 
squares procedure described earlier. For convenience of presentation, the time-varying 
coefficients have all been normalized by their time-average values. Note that, for times 
sufficiently close to the crack initiation event, the field does not appear to be very 
quiescent as indicated by the large variation in the measured coefficients. The use of 
a steady-state analysis and the consequent results are mutually inconsistent at these 
early times, and thus the results of the steady-state approximation are not acceptable. 
However, at later times, the extracted coefficients do not appear to be very strongly 
time-varying. Also, during the time shown, the crack propagated with essentially a 
constant velocity of {t/c~ .~ O. 13 [see Fig. 7(c)]. Thus, the use of the higher-order steady-  
state expansion and the consequent results are at least mutually consistent and may 
not be entirely unjustified at these later times. Of course, for propagation times close 
to initiation, or whenever the field does not appear to be very quiescent, use of the 
transient higher-order expansion (39) would be more appropriate. 

5. DISCUSSION 

The results of this investigation point out the pitfalls associated with the extraction 
of dynamic fracture data under the assumption of Kta-dominance. That violation of 
assumed K~a-dominance could be the source of certain incompatible experimental 
results in the literature (KALTHOFF, 1983 ; RAvI-CHANDAR and KNAUSS, 1984 ; ROSAKIS 
et al., 1984; NIGAM and SHUKLA, 1988a; ZEHNDER and ROSAKIS, 1989) has been the 
contention of many recent investigators (DALLY et al., 1985; RAVI-CHANDAR and 
KNAUSS, 1987 ; KRISHNASWAMY and ROSAKm, 1988 ; KRmHNASWAMY et al., 1988). In 
particular, it should be noted that this study substantiates the experimental results of 
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KRISHNASWAMY and ROSAKIS (1988) which dealt with the issue of the effect of lack 
of  K/-dominance on the interpretation of dynamic caustics. 

In this paper, we have shown that it is possible to meaningfully interpret dynamic 
CGS fringe data even in situations of no K/-dominance. To do this, the data outside 
of the near-tip three-dimensional region must be appropriately interpreted taking into 
account the contribution of transient, higher-order terms to the total stress and 
deformation fields around the crack tip. However, there are situations where even this 
approach fails. This is clearly brought out from the reflection mode CGS inter- 
ferograms (Fig. 23) for a very rapidly propagating crack in a AISI 4340 steel specimen 
(MD-3). In particular, note the presence of strong unloading waves as the crack 
propagates, which are manifested as sharp kinks in the fringes. Of course, assuming 
K/-dominance in such stress wave dominated situations is not meaningful. It is also 
inappropriate to use a steady-state higher-order expansion in this case. In fact, even 
the higher-order transient field [(39)] will not be applicable since it is from a two- 
dimensional analysis and hence does not model possible wave effects on the specimen 
surface. Interpretation of  these fringe patterns will have to take into account the three- 
dimensional transient effects, and can be done possibly only through detailed numerical 
analyses. 

Contrary to conventional wisdom, K~-dominance in the vicinity of a dynamically 
propagating crack appears to be the exception rather than the rule. It is thus critically 
important that interpretation of experimental data under assumed Kd-dominanee, 
steady-state or two-dimensional conditions be carefully justified prior to attributbT9 
physical credence to the observed phenomena. 

6. CONCLUSION 

The salient points discussed in this paper can be summarized as follows : 

(1) A shearing interferometric technique (CGS) is proposed as a viable alternative 
to current methods in the experimental study of dynamic crack propagation. 
CGS is a full-field technique that can be used in reflection mode for opaque 
materials, and can also be used in transmission mode for optically isotropic 
transparent materials. 

(2) Results from dynamic crack propagation in PMMA and AISI 4340 steel speci- 
mens show that interpretation of experimental data on the basis of near-tip 
K/-dominance could lead to substantial errors due both to near-tip three- 
dimensionality as well as higher-order effects in the two-dimensional region. 

(3) It is further shown that a consistent interpretation of experimental data obtained 
from the two-dimensional region is possible using higher-order analytical 
description of the transient crack-tip fields. 
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