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General Introduction 

In this chapter we discuss two optical techniques [caustics and coherent 
gradient sensor (CGS)] sensitive to gradients of optical path difference. In 
solid mechanics applications both caustics and CGS provide measures of in­
plane gradients of out of plane displacements (reflection) or in-plane gra­
dients of stresses (transmission). 

The physical principles governing the two methods are presented and 
their remarkable similarities are discussed in detail. The applicability of the 
two methods in the experimental study of both elastic and elastic-plastic 
fracture problems is investigated. Particular attention is paid to the elasto­
dynamic fracture applications of both methods . This preference is motivated 
by the fact that both techniques are ideal candidates for use in conjunction 
with high-speed photography. Indeed both CGS and caustics do not suffer 
from severe light loss problems that may be detrimental when exposure 
times of the order of nanoseconds are required. In addition , both methods 
involve relatively simple experimental arrangements and minimal specimen 
preparation. 

The chapter also concentrates in the limitations associated with the inter­
pretations of caustics and CGS patterns. The classical interpretation of op-
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tical patterns on the basis of the assumptions of either K1 dominance or J 
dominance is critically discussed and its limitations are analyzed in great 
detail. For linear elastic solids, these limitations include the effect of near­
tip three dimensionality as well as the negative influence of transient effects 
on the establishment of K1 dominant regions surrounding the near-tip three­
dimensional zone. By relaxing the assumptions of K1 dominance and steady 
state, we present alternative means of extracting fracture parameters from 
both caustics and CGS. 

Finally, we present experimental evidence, obtained by means of both 
methods, that lead to the following general conclusion regarding experimen­
tal dynamic crack growth studies: 

Contrary to conventional wisdom, K1 dominance in the vicinity of dynam­
ically propagating cracks appears to be the exception rather than the rule . It 
is thus critically important that interpretation of experimental data under 
assumed Ki-dominance , steady-state, or two-dimensional conditions be 
carefully justified prior to attributing physical credence to the observed phe­
nomena. 

A.I Introduction (Caustics) 

The optical method of caustics is a widely used technique in experimental 
solid mechanics. In the area of fracture mechanics, in particular, it has been 
one of the primary tools of investigation of both quasi static and catastrophic 
failure, starting with the pioneering works of Manogg [ 1,2], and continuing 
over the years through the efforts of Theocaris and co-workers [3-11], Kal­
thoff and co-workers [ 12-18], Rossmanith [ 19-24], Zhang and Ravi-Chandar 
[25], Ravi-Chandar and Knauss [26], and Rosakis and co-workers, [27-38] 
among others. Extensive reviews of the subject have been provided by 
Theocaris [7] and Kalthoff [18]. Also, a special issue of the International 
Journal of Lasers and Optics in Engineering [39] has been devoted to caus­
tics and provides a snapshot of current research applications of the tech­
nique. 

The technique has several advantages over other optical methods which 
are mainly related to its simplicity. It requires a simple optical experimental 
setup which does not involve the use of diffraction optics. It can be used 
easily either in transmission or in reflection modes. Data analysis is simple 
and does not require the use of complicated image processing techniques. 
The simplicity of the technique makes it an ideal candidate for high-speed 
photography applications. In particular, the fact that the physical principle 
of caustics does not hinge on the availability of a coherent, monochromatic 
light source has allowed for the use of high-speed camera systems, which 
utilize white light illumination (for example, spark gap cameras of the 
Cranz-Schardin type). In addition, the lack of complicated optical compo-
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nents, such as diffraction gratings, beam splitters, etc., in a caustics setup 
ensures minimal light intensity losses which are crucial for successful high­
speed photography. Indeed, in such applications, light intensity is of the es­
sence since the exposure times involved are often very short (of the order 
of nanoseconds). 

As currently used in fracture studies, the method of caustics is subject to 
two sets of simplifying assumptions, one in the analysis of the optical tech­
nique and the other regarding the nature of the mechanical fields under 
study. The limitations introduced by the simplifications in the optical anal­
ysis of the method of caustics as well as an exact geometrical optics inter­
pretation of the technique are discussed in Rosakis and Zehnder [33]. It turns 
out that the simplified analysis deviates from the exact geometrical analysis 
in only relatively extreme regimes, and, for the most part, the simplified 
optical analysis is adequate. The corresponding issue regarding the assump­
tions made about the mechanical fields under study, however, is more trou­
blesome. Typically, interpretation of caustics data in fracture mechanics is 
done under the assumption that crack-tip deformation is well described by 
two-dimensional, steady-state, asymptotic models. To the extent that these 
assumptions are violated in a laboratory specimen, caustics data are prone 
to misinterpretation and error. 

In this section, we shall describe the method as is currently used in elas­
tostatic, elastodynamic and elastic-plastic fracture studies, with particular 
emphasis given to the approximations involved. We will then review some 
of the attempts that have been made in the recent past toward rectifying 
errors incurred due to such approximations. We will start by considering the 
effect of crack-tip three dimensionality on the analysis of the optical pat­
terns. We will also discuss the possible inadequacy of asymptotic descrip­
tions of crack-tip deformation. For dynamic crack growth studies in partic­
ular, we will discuss the shortcomings of the classical interpretation of 
caustics which is based on the assumption of K,' dominance. It will be dem­
onstrated that the assumptions regarding the dynamic crack-tip mechanical 
fields, under which interpretation of caustics data is customarily made is a 
potential source of large errors especially in the presence of highly transient 
crack-tip motion histories (initiation, arrest, interreaction with stress waves , 
etc.) . An analysis of dynamic caustic patterns utilizing a transient, higher­
order description of near-tip mechanical fields will also be presented. In con­
clusion , the use of caustics for the measurement of the J integral in elastic 
plastic fracture applications will be discussed. 

A.2 The Physical Principle 

In the original work on transmitted caustics by Manogg [!], there exists im­
plicit assumptions which limit the applicability of the results. These ass ump-
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tions have been carried through in most of the subsequent application of the 
technique with very little or no explanation. In this section, the exact equa­
tions of the optical mapping will be derived and the approximations that 
appear in the caustics literature will be discussed in detail. 

Consider a plate specimen of uniform thickness in the undeformed state. 
Let its middle cross section occupy the x 1, x 2 pfane of an orthonormal Carte­
sian coordinate frame {O; x 1, x 2 , x.i}. The specimen is such that it causes 
nonuniform gradients in the optical path when light is transmitted through 
it, or reflected from its surface. For a plate specimen made of a transparent 
material , the gradients in the optical path are due to nonuniform gradients 
in the thickness of the plate and also due to gradients in the refractive index 
of the material in the specimen interior. For a specimen made of an opaque 
material, the gradients in optical path are only due to nonuniform surface 
elevations of the plate. In experimental solid mechanics, both gradients of 
refractive index and thickness are related to gradients in the stress state 
which are induced when loads are applied to the boundary of the initially 
undeformed plate. 

Consider further, a coherent light bundle traveling in the - x1 direction 
normally incident on the plate as illustrated in Fig. 10.1. This is equivalent 
to a family of plane waves incident on the plate. A light ray is parallel to the 
vector normal to a surface representing wave fronts of light. If S(x 1, x 2 , xi) 
represents the optical path of the light ray, then the wave front is given 
by S(x 1, x 2, x1) = const. The vector v'S(x 1, x 2, x1), where v' is the three­
dimensional gradient operator, is normal to S, and thus is parallel to the ray 
passing through Sat point (x 1, x 2 , xi). For a specimen made ofa transparent 
material , the plane waves travel through the material and are distorted due 
to the introduced variations in optical path (stress induced refractive index 
and plate thickness gradients). This causes light rays passing through the 
material to be deflected. (Equivalently waves reflected from the surface of 
a plate made of an opaque material are distorted due to stress induced non­
uniform surface elevations .) 

As will be seen later, under certain conditions (e.g., certain specimen 
deformation states) the reflected or refracted rays will form an envelope in 
the form of a three-dimensional surface in space. This surface , which is 
called the caustic swface, is the locus of points of maximum luminosity in 
the reflected or transmitted light fields. 

The deflected rays are tangent to the caustic surface. If a screen it posi­
tioned parallel to the x 1 = 0 plane, and so that it intersects the caustic sur­
face, then the cross section of the surface can be observed on the screen as 
a bright curve (the caustic curve) bordering a dark region (the shadoll' spot) 
on the screen. The etymology of the word caustic (surface or curve) comes 
from the Greek KauCJTlKO<;, " burning," so called because it denotes the locus 
of maximum concentration of luminous and thus heating effects. 

Consider now a screen placed at a distance z0 behind the underformed 
specimen position. The light ray intersecting the plate at the point x = (x 1, 



TECHNIQUES SENSITIVE TO GRADIENTS OF OPTICAL PATH DIFFERENCE 331 

Incoming 
Plane Waves ______ _,,.. ___ 

Specimen 

Wave Front After 
Having Been Distorted 
By Specimen 

\ 

Figure IO. I. Deflection of light by transparent specimen. 

xi) on the specimen , will be mapped on to a point X = (X1, X 2 ) on the screen. 
The X 1, X2 coordinate system is identical to the (x 1, x2 ) system, except that 
the origin of the former has been translated by x 3 = - z0 , z0 ~ 0. Assuming 
that the specimen is of infinitesimal thickness and using the geometry of Fig. 
10.2, we see that the mapping is given by 

( 
v'S(x 1,x2,0) ) X = x - Zo ---~- - e3 , 

v' S(x1 ,x2,0)·e3 
(I) 

where e3 is the unit vector along the x 3 axis. 
In the original work by Manogg [I], it was assumed that S is described by 

a family of self-similar surfaces translated in the - x 3 direction as in Fig. 
10.3. Thus , according to his assumption, Sis given by 

(2) 

where ~s(x 1 ,x 2) represents the change in optical path introduced by the plate. 
The limitations of this assumption become evident if a light ray is followed 
from a surface S 1 to another, S2, as in Fig. 10.3. The light ray parallel to the 
vector normal to S 1 at point P 1 intersects S2 at P 2• However, the normal at 
P2 is not parallel to the normal at P 1 and thus does not coincide with the 
direction of the light ray. Only for very small angles of deflection, will the 
normal at P2 be parallel to the normal at P 1• Thus Manogg's assumption 
implicitly limits the applicability of his results to small ray deflections. As 
is evident from Fig. 10.4, the wave fronts are actually a family of expanding 
waves, resulting in light rays which are always normal to the surface. For 
vary large radii of curvature , i.e., very small deflections, expanding and 
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Figure 10.2. Geometrical construction of optical mapping . 

translating waves are coincident and S may be approximated by 
Eq. (2). 

With Manogg 's [I] assumption and the further assumption of a plate of 
infinitesimal thickness, the mapping of light rays is found by substituting Eq. 
(2) into (I) and is given by 

(3) 

Specimen 

Figure 10.3. Translating wave fronts (Manogg's assumption). 
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Figure 10.4. Expa nding wave fronts. 

which is Manogg's original result a nd is the equation used in the normal 
evaluation of transmitted caustics for fracture mechanics applications. 

The application of caustics to the study of opaque materials requires the 
reflection of light from the highly polished surface of a planar solid. Theo­
caris [5] applied Manogg's equation to caustics in reflection by assuming that 
the change in optical path is given by 

(4) 

where x3 = -f(x 1,x2) is the equation of the specimen surface. Substituting 
Eq. (4) into (3) yields 

(5) 

Equation (4) introduces an additional approximation since the actual change 
in optical path is greater than 2J; due to the angular deflection undergone. 
In cases of severe gradients in optical path , the light rays reflected from the 
plate deviate strongly from parallelism. In such cases Manogg's [I] and 
Theocaris' [5] assumptions lose validity and a more accurate analysis is re­
quired. The exact analysis for reflected caustics is described in deta il by 
Rosakis and Zehnder [33] and is outlined here in the next section. 

A.2. I Caustics by Reflection: The Exact Mapping Equations 

In this section, the particular example of caustics obtained by reflection is 
considered. Caustic images obtained by reflection are associated with 
changes in the optical path of light rays, introduced due to the nonuniform 
elevation of a reflector surface. The equations describing the optical map-
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ping of points of the reflector on to points of the image plane , also describe 
transmission caustics , with minor modifications. The basic difference be­
tween reflection and transmission is in the nature of the optical path change, 
which in the latter case is caused by changes in the refractive index of the 
transparent material in addition to changes in plate thickness. 

Consider now a family of light rays, parallel to the x 3 axis , incident on the 
reflective surface x 3 = - .fix 1,x 2) of an opaque, specularly reflective mate­
rial , see Fig. 10.5. The reflected light field is recorded by a camera posi­
tioned in the front of the reflective specimen surface. The focal plane of this 
camera , which shall be called the " screen" for convenience , is located be­
hind the reflector and intersects the virtual extension of the reflected rays at 
the plane x 3 = - z0 , where z0 is positive . The image to be recorded is a virtual 
image , in this case. For a screen located in front of the reflector (x3 = + z0), 

the image is real. 
Consider further an incident light ray which intersects the reflecting sur­

face. After reflection from a point p(x 1 ,x2 ) on the polished surface, the ray 
will deviate from parallelism . The virtual extension of the resulting reflected 
ray will then intersect the screen at the virtual image point P(X1, X 2 ) whose 
position will depend on the slopes of the reflecting surface at p(x 1,x2 ) and on 
the normal distance z0• The (X 1 ,X2 ) coordinate system is identical to the 
(x 1 ,x2 ) system, except that the origin of the former has been translated the 
distance z0 to the screen. 

If cp is the angle between the incident light ray and the normal to the 
reflector at p(x1 ,x2) and p' is the normal projection of p on to the "screen ," 
then the position vector of the image point P will be given by 

X = x + [(z0 - f)tan 2cp]u , 

where 

x, 

Figure 10.5. Optical mapping for caustics by reflection. 

(6) 
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- - -and u = p' P /J p ' Pl is the unit vector along p' P. Greek indices have the range 
( 1,2). 

Also , if N is the unit normal to the surface x 3 = - f(x 1,x 2 ) at the point 
p(x1,x2), then N is equal to VF/JVF/J where F(x 1,x2) = x 3 + f(x 1,x 2). Further, 
if e3 denotes a unit vector in the x 3 direction (direction of light incidence), 
the plane which contains the incident light ray and the corresponding re­
flected ray will be defined by the normal unit vector n = N x e/JN x eJ 
The intersection of this plane with the plane of the " screen" is then the line 
which has a direction specified by the unit vector u given by 

[ ( af) 2 

( af) 2

] in 
ox1 + ax2 

(7) 

Also , the tangent cp between the incident ray and the normal to the reflector 
can be expressed as 

Sin c.p 
tan c.p = -­

cos c.p 
(8) 

By substituting Eqs. (7) and (8) into (6), the position vector of the image 
point Pon the " screen" can be written as 

VJ 
X = X - 2(zo - f) I - 1v112 ' Zo > 0. (9) 

The above expression describes the optical mapping of points p(x 1,x2) on the 
reflector on to point P(X1,X2) on the " screen." 

Equation (9) can be simplified by introducing assumptions based on the 
nature of the changes in optical path associated with the specimen studied 
and depending on the magnitude of z0 . For z0 sufficiently large , for example , 
(z0 - f) is often approximated by z0 . Also , it is often assumed that IVJl 2 < < 
I. In solid mechanics applications, the second assumption has to be justified 
on the basis of some a priori knowledge of the nature of the deformation 
fields on a specimen surface . A discussion of the adequacy of the above 
assumption in fracture mechanics applications is given by Rosakis and Zehn­
der [33]. 

The above assumptions reduce the equation of the mapping to the follow­
ing form 

X = x - 2z0Vf 

which is the approximate expression given by Theocaris [5]. For a "screen " 
situated at x3 = + z0 , the situation is entirely equivalent but the image is now 
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a real one. Use of a real image results in a change in sign in front of the 
second term of the right-hand side of Eq. (9) . The use of a virtual image in 
a reflection arrangement, has certain advantages in experimental fracture 
mechanics as discussed by Beinert and Kalthoff [ I 7]. 

Given the above approximations and in view of Eqs. (3) and (5) a general 
expression for the approximate caustics mapping (virtual or real) for both 
reflection and transmission can be obtained as follows: 

Zo > 0, ( I 0) 

where ~s(x1 ,x2) is the optical path difference accumulated at a point p(x1 ,x2) 
due to the reflection or refraction of a light ray. For the case of reflection of 
light from the surface of a deformable plate (uniform thickness in the unde­
formed state) 

~S(X1,X2) = ~f(x1,X2) = 2uix1,X2), 

where uix1 ,x2) is the out-of-plane displacement field introduced due to ap­
plication of loads on the plate. A very illustrative discussion of the relative 
merits of virtual versus real image usage [choice of sign in Eq . (10)] is given 
by Beinert and Kalthoff [ 17]. 

A.2 .2 The Initial Curve and its Significance 

Changes in optical path caused by reflection or refraction of parallel light 
will deflect the light from its original course. Depending on the nature of the 
optical retardation, the reflected or refracted rays will form an envelope in 
the form of a three dimensional surface in space. The surface, which is 
called the caustic swface , is the locus of points of maximum luminosity in 
the reflected or transmitted light fields . The deflected rays are tangent to the 
caustic surface. When a real or virtual screen is positioned parallel to the 
x3 = 0 plane and so that it intersects the caustic surface, then the cross­
section of the surface can be observed on the screen as a bright curve (the 
caustic curve) bordering a dark region (the shadow spot) on the screen. Two 
schematic illustrations of the formation of caustics by reflection and trans­
mission from the vicinity of a through crack in an opaque and a transparent 
plate of uniform thickness is shown in Fig. I 0.6. The figure shows the cross 
section of the plates and light field. The "screen" in Fig. 10.6 (a) is virtual 
and in a real experimental set up will correspond to the focal plane of a 
camera placed on the left hand side of the specimen. The "screen" in Fig. 
I0.6(b) is real. 

In the present section, the conditions necessary for the formation of caus­
tic curves are established. The analysis is carried out in reference to a re­
flection arrangement but the general results hold for both reflection and 
transmission as long as the appropriate mapping equations are used. 

Consider light of intensity i;(x 1 ,x2) incident on the specularely reflective 
surface of an opaque solid. After reflection, the rays will deviate from par-
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Figure 10.6. Caustic formation in (a) reflection , (b) transmission. 

allelism and the reflection process will be described by the mapping equa­
tions derived in the previous section [eqs. (9) or (10)). For perfect reflectiv­
ity, the light energy incident on an area D of the highly polished specimen is 
an invariant of the transformation. Let D' be the image area on the image 
plane, "screen," corresponding to reflections from area D. Conservation of 
light energy requires that the total energy E incident onto the area D must 
equal the total energy E' reaching the area D' of the transformed plane. Thus 

£ = f Ls(x)dx,dx2 (II) 

= E' = J L:s(X)dX,dX2, 

where :S(X) represents the light intensity field on the "screen." 
Using the equations of the mapping equation (9) and changing variables 

in the right-hand side of Eq. (11), we obtain 

E = J Ls(x)dx,dx2 (12) 

= E' = f L:S[X(x)JIJ(x)ldx 1dx2, 

where J(x) = det(VX) is the Jacobian determinant of the transformation Eq. 
(9). Since expression (12) is true for an arbitrary area D, the integrands in­
volved can be equated, giving 

:S[X(x,f)] = s(x)/l(x) = s(x)(det Vx) - I. (13) 
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With the equations of the mapping, the Jacobian determinant can be written 
as 

( 14) 

where I is the identity tensor. 
Once the equation of the reflecting surface x3 = - f(x 1,x2) is given, the 

value of the Jacobian is completely determined and Eq. (13) can be used to 
provide the intensity of light at any point on the "screen." The entire image 
on the screen can thus be predicted. Since the intensity of light reaching the 
"screen" is inversely proportional to the Jacobian, the vanishing of Jin Eq. 
(13) corresponds to infinite intensity of light on the "screen" plane and the 
existence of highly luminous curves (caustics) is thus predicted. 

The caustic curves therefore correspond to reflections from points on the 
specularely reflective surface for which the Jacobian determinant vanishes. 
The loci of points on the reflector on which J = 0 are called the initial curves 
and are characterized by the property that rays reflected from their imme­
diate neighborhood are responsible for the generation of the caustic curves. 
The resulting caustics obtained on the screen are regions of multiple reflec­
tion, that is for those points on the caustic curve the mapping Eq. (9) is not 
invertible and the determinant of the Jacobian matrix is expected to vanish. 

Note that Jin Eq. (14) depends parametrically on z0 and thus the initial 
curve depends on z0• In the discussion of the numerical work presented by 
Rosakis and Zehnder [33] , z0 is varied thus varying the initial curve from a 
curve far from the crack-tip to one very near the crack-tip. This is done to 
investigate the assumption IVJl2 q I in fracture mechanics applications. 

As indicated earlier the method has potential for use in the study of abrupt 
changes in optical path introduced by singularities in stress, density, etc. It 
is of interest, therefore, to carry the investigation one step further and con­
sider some general features of the reflection process in the vicinity of a 
singularity on the reflecting surface or more generally a singularity in the 
additional optical path introduced in a medium either by refraction or reflec­
tion . 

At points far away from such a singularity (as an example, consider a 
crack-tip) the reflector can be considered almost flat and Vf- 0. The second 
term in Eq. (14) is very small, so J - det {I} = I , and S - s- Thus, if the 
intensity of the incident light is uniform , i;(x) = so, then uniform intensity of 
light is predicted on the screen. 

As singularity (e.g ., crack-tip) is approached, the value of J decreases and 
the light intensity on the "screen" increases. At some point, J vanishes. The 
place where that happens is referred to as the initial curve. 

At the points just inside the initial curve , the determinant in Eq. ( 14) takes 
small negative values. As we move closer to the center of the singularity, J 
decreases further and as 1Vfl2 - I it tends to -oo . The condition IVJF = I 
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describes a locus of points referred to by Rosakis and Zehnder [33] as the 
interruption curve. 

It is worth noting at this point that at the initial curve there is a reversal 
of the sign of the Jacobian. This reversal implies "folding" of the mapping. 
The rays reflected from points on the initial curve map outside the caustic 
curve . The rays reflected from points inside the initial curve again map out­
side the caustic. No ray will reach the screen at points inside the caustic and 
a dark region, the shadow spot , will be created. 

In order to investigate the mechanism of reflection more completely, let 
us consider a two-dimensional reflector z = -J(x) as shown in Fig. 10.7. 
The function f(x) has a singularity at x = 0. Assume that the reflector has a 
unit depth and that the incident light has a constant intensity represented 
here by the constant spacing x of the incoming rays . 

For this specific case, 

dX 
J = -, 

dx 
where dX is the spacing of the virtual extensions of the reflected rays reach­
ing the " screen. " As shown in Fig. 10.7(a) , at points away from the singu­
larity dX - dx and J - I. As the initial curve is approached , dX decreases 
and eventually is reduced to zero. Decreased spacing of rays represents high 
light intensity and a caustic curve is obtained by reflections coming from the 
vicinity of the initial curve. So far, for points outside the initial curve the 
mapping is one to one and all points are mapped outside the caustic curve. 
Right on the initial curve, all points are mapped directly on to the caustic. 
As we move inside the initial curve, the Jacobian changes sign , and a "fold­
ing" of the mapping is observed. This means that, as shown in Fig. 10.7(b), 
points inside the initial curve map again outside the caustic. At points just 

a. 

---------------------

3: 
0 
0 
<I'. 
:r: 

INITIAL CURVE 

<f> __ _ 

"SCREEN" 

- dx 

3: 
0 
0 
<I'. 
:r: 
<f) 

b. 

"SCREEN" 

Figure 10.7. Folding of the optical mapping in 2D. 
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inside the initial curve , the value of J is small and negative (small spac ing of 
rays on "screen"). As we move further in, J becomes larger in magnitude 
(increased spacing dX) until it reaches the value of - 00 at the interruption 
curve (point where the slope of the reflector is :±: 45°). The main features of 
the mapping can therefore be summarized as follows: 

I. Points on the reflecting surface lying outside the initial curve will map 
onto points of the "screen " lying outside the caustic. 

2. Points on the initial curve will map directly on the caustic. 
3. Points lying in the region between the initial and the interruption curve 

will map again outside the caustic. 
4. Points inside or on the interruption curve will not be mapped on the 

screen. 

In other words, there are no points on the reflector that will map inside 
the caustic curve, and thus a dark region (shadow spot) surrounded by a 
highly luminous curve (caustic) is formed on the "screen." 

Letting aw denote the initial curve defined in the reflector plane (x 1 ,x2) 

and an denote the caustic curve defined in the screen plane (X1,X 2) we can 
write 

XE w+ uawuw - - X(x) Efl +uan, 

x E aw - X(x) E afl , 

which implies 

where w + represents the region outside the initial curve, w - represents the 
annular region between the initial and the interruption curves, and D, + ,fl -
are the regions from outside and inside the caustic , respectively. 

From the above it is clear that the total intensity at a point P(X
1 
,X2) on 

the "screen" is given by 

(15) 

The two terms represent the contribution to the intensity at P(X 1 ,X2) from 
rays reflected from regions both outside and inside the initial curve. For 
example, the intensity a t a point far away from the optical singularity on the 
screen will come from rays reflected a t points very far from the deformation 
singularity where J,Ew +--I and from points very close to the interruption 
curve where J,Ew- - -oo. Thus from Eq. (15) 2(X) - ~(x) (no optical dis­
tortion). 

At points closer to the optical singularity both terms increase and they 
both become infinite on the caustic where contributions coming by reflection 
form both just inside and just outside the initial curve are added. 
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The discussion provided above can be carried out in an entirely analogous 
way for the transmission cases . If in addition the small deflection angle as­
sumptions discussed in previous sections are introduced the mapping equa­
tions for both reflection and transmission will be given by Eq. (10). These 
may be used to obtain the equation of the initial curve as follows 

(16) 

where Lls(x 1 ,x2) is the optical path difference (Lls = 2f = 2u3 for reflection), 
and "v is the two-dimensional gradient operator. Relation ( 16) is the neces­
sary and sufficient condition for the existence of a caustic curve. 

For fracture mechanics applications which are of relevance in this chap­
ter, the plate specimen contains a stationary or running through-crack and 
the origin of the coordinate system is often taken to be on the crack front at 
the specimen center. In such cases the initial curve is found to be a curve 
completely surrounding the crack-tip, whose exact geometry and size will 
depend, among other things, on material constitution and on the distance of 
the specimen to the screen (z0). Indeed, the initial curve has some interesting 
properties which are briefly described below. 

Since light reflected both from the inside and the outside of the initial 
curve maps outside the caustic , the area within the caustic remains dark and 
surrounds a shadow spot on the image plane (screen) which is "roughly" 
centered at the crack tip obscuring its exact location. An example ofa series 
of caustics and shadow spots obtained by reflection of light from the vicinity 
of an initiating and dynamically propagating crack in AISI 4340 steel is 
shown in Fig. I 0.8. The specimen is of the three point bend type and is 
impact loaded in a drop weight tower. The crack-tip speed in this case varies 
in the range of 1,000-1,500 mis. The circular rings surrounding the caustic 
and shadow spot are caustic images of stress waves generated during crack 
growth. These rings become visible only after the instant of crack initiation. 

Since the light that forms the caustic originates from the initial curve , 
essential information conveyed by the caustic comes from that curve only. 
Equation (16) defining the initial curve depends parametrically on z0 . Thus , 
by varying z0, we may vary the initial curve position. If z0 is large, the initial 
curve will be far from the crack-tip . If z0 is small, the initial curve will be 
close to the crack-tip. In a practical experimental setup, a camera is often 
used to record the transmitted or reflected light fields. In this case the object 
plane of this camera is the "screen" and its distance from the specimen is 
z0. In a reflection arrangement , for example, the object plane of the camera 
is often set behind the specimen surface and thus the image is virtual. Vari­
ation of z0 can thus easily be achieved experimentally by simply varying the 
object plane of the recording camera system. For z0 = 0 the camera is fo­
cused on the specimen plane and no caustic image is obtained [see Eqs . (10) 
and (14)]. 
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Figure 10.8. Caustics from a dynamica lly initiating and rapidly propagating crack 
in a AISI 4340 steel plate. 

The dependence of initial curve size on z0 is an essential property of the 
method of caustics, and it can be utilized to scan the near-tip region to obtain 
information regarding the nature of the deformation field at different dis­
tances from the crack-tip. This property will be utilized extensively in the 
following sections. 

It should be emphasized at this point that the analysis of caustics pre­
sented above is based on concepts of geometrical optics. A very interesting 
alternative analysis based on wave optics has recently been discussed by 
Karnath and Kim [40] . 

A.3 Relation Between Optical Path Difference 
and Deformation State 

In fracture mechanics applications of the optical method of caustics, the 
relation between the optical path difference and the deformation state is es­
sential in interpreting the experimentally obtained caustic images. The es­
tablishment of such a relation allows for the direct measurement of fracture 
parameters such as the static or dynamic stress intensity factors or the J 
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integral. This section highlights the assumptions introduced in order to per­
form such measurements in experimental situations involving plate speci­
mens containing through thickness cracks . 

A.3.1 Caustics by Reflecti~n 

For opaque plate specimens of uniform thickness , in the undeformed state, 
caustics are formed by the reflection of light rays from the polished specimen 
surface. The shape of the caustic curve depends on the near-tip normal dis­
placement u3 of the plate surface (f = u3) , initially at x 3 = h/2, where h is 
the undeformed plate specimen thickness . The change in optical path in this 
case is given by 

(17) 

where E 31 = au/ax3 is the direct strain component in the thickness direction. 
This relation is independent of constitutive law but assumes infinitesimal 
deformations . 

For an isotropic , homogeneous , linear elastic solid, the above reduces to 

(18) 

A.3.2 Caustics by Transmission 

For transparent plate specimens of uniform thickness in the undeformed 
state , the optical path change tu depends on both local changes in thickness 
and on local changes in refractive index, and can be expressed (Rosakis and 
Ravi-Chandar [34]) as 

~s(x 1,x2) = 2h(n - I) {
12 

E33d(x / h) 

+ 2h (
112 

~n d(x/h), Jo 

(19) 

where n is the refractive index of the material in the undeformed state. Up 
to this point no constitutive information has been utilized. The first term 
represents the net optical path difference due to changes in plate thickness 
caused by the strain component E33 . The second term is due to the stress 
induced change in refractive index of the material. This change in the re-
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fractive index 6.n is given by the Maxwell relation (see Theocaris [7], Kal­
thoff [ 18]), 

where D1 is the stress optic constant and au are Cartesian components of the 
Cauchy stress tensor. The above relation is strictly true for isotropic linear 
elastic solids. For such solids the strain component £ 33 can also be related to 
the stresses in a straightforward manner and the change in path length be­
comes 

2h(D 1 -i(n - I)) (20) 

X r2 
{ (a11 + a22{ 1 

where 

E and v are the Young 's modulus and the Poisson's ratio of the material, 
respectively. 

A.3.3 Interpretation of Caustics on the Basis 
of Plane Stress Analysis 

The discussion of the previous section was intentionally kept as general as 
possible within the assumptions of isotropic linear elasticity. For a cracked 
linear elastic plate of uniform thickness and finite in-plane dimensions , the 
optical path difference 6.s given by Eqs. (3) and (4) in general will depend 
on the details of the three-dimensional elastostatic or elastodynamic stress 
state that would exist at the vicinity of the crack-tip. This will be a function 
of the applied loading, as well as of the in-plane dimensions and thickness 
of the specimen. Given the lack of full-field, three-dimensional analytical 
solutions in fracture mechanics , such information can be obtained only by 
means of detailed numerical calculations. Such an approach was adopted by 
Rosakis, Zehnder, and Narasimhan [41] and by Narasimhan and Rosakis 
[42]. 

Nevertheless, there exist certain nontrivial special cases for which avail­
able asymptotic solutions, based on two-dimensional analyses, may provide 
adequate approximations for 6.s(x 1 ,x2). In particular, it has been argued that 
conditions of generalized plane stress will dominate in thin cracked plates 
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at distances from the crack front larger than half the specimen thickness. 
This would imply that if the initial curve is kept outside the near-tip three­
dimensional zone , the resulting caustic could be interpreted on the basis of 
a generalized plane stress analysis. (See Rosakis and Ravi-Chandar [34) and 
Narasimhan and Rosakis [42).) 

To illustrate the extent of the near-tip three-dimensional, reference is 
made to Fig. 10.9 which shows a 3D representation of the ratio [<J3/ v(CJ 11 + 
CJ22)], often called the degree of plane strain. This ratio is a measure of near­
tip three dimensionality and is obtained by means of a 3D finite element 
calculation, which models a stationary crack in a three-point-bend specimen 
subjected to dynamic loading. In regions where the deformation is locally 
plane stress, this measure is equal to zero . In the figure , only one half of the 
specimen thickness is shown. The top surface corresponds to the mid-plane 
of the specimen. The maximum extent of the 3D zone is approximately 0.4-
0.Sh. (For details, see Krishnaswamy and Rosakis [36), Krishnaswamy, Ro­
sakis, and Ravichandran [37).) For points outside this region, a plane stress 
approximation will be applicable. Indeed for such points the optical path 

3- 0 Contours of Degree of 

Plane Strain 
0-33 

Figure 10.9. Plane strain constraint near a through thickness crack in a plate of 
uniform thickness h. Only half the plate thickness is shown . The top surface is the 
midplane of the specimen . 
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difference 6.s [Eqs. (18) and (20)], which involve the ratio cr3/v(cr 11 + cr 22 ), 
will simplify to 

6.s(X1,X2) = ch[6-1/X1,X2) + 6-22(X1,xJ], 

where 

c" , for transmission 

for reflection. 

(21) 

and 6- 11 and 6-22 are thickness averages of the stress components in the solid. 
In the above expression c" is called the stress-optical coefficient. These 
stress components will be provided by the generalized plane stress solution 
of the elastostatic or elastodynamic problem under investigation. Values of 
c" for different transparent solids are provided by Beinert and Kalthoff [ 17]. 

A.4 Caustic Analysis Based on Plane Stress 
Asymptotic Crack-Tip Fields in Linear 
Elastostatics and Elastodynamics 

A.4.1 Analysis Based on K1 Dominance, Assumptions, 
and Shortcomings 

In this section we present the methodology that leads to the classical anal­
ysis of optical caustic patterns generated during quasistatic or dynamic 
crack growth in elastic solids. Stationary cracks are treated as a special case. 
We pay particular attention to the assumptions involved and we attempt to 
analyze some cases where these assumptions break down. 

Consider a Mode-I crack propagating dynamically in a thin plate com­
posed of a homogeneous isotropic, linear elastic material. The crack-tip ve­
locity and the dynamic stress intensity factor are both allowed to be arbitrary 
functions of time. If a generalized plane stress assumption is made, then the 
thickness average of the first stress invariant 6- 11 + 6-22 at the vicinity of the 
propagating crack-tip can be asymptotically expressed (Freund and Clifton 
[43], and Freund [44]) as 

where 

F(v) 

Kf(t) 
F(v), ~cos(0,l2) + 0(1) 

V £.Tir1 

2( I + ex~( a) - ex~) 

[ 4ex1ex, - ( I + ex~) 2
] 

(22) 
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( 
v(t)2) 

112 

cx.1_, = I - ~ , 
c,_.,. 

v(t) is the instantaneous crack speed , c1_, are the longitudinal and shear wave 
speeds , respectively. K1(t) is the instantaneous value of the dynamic stress 
intensity factor, 

and the distorted polar coordinate system (r1, Si) translates with the mov­
ing crack-tip. Stationary cracks in linear elastic solids are a special case for 
V = 0. 

For laboratory specimens of finite dimensions , the above field can be 
valid only within a region near the crack-tip of extent small compared to any 
relevant characteristic dimension of the body. On the other hand, the as­
sumption of a two-dimensional field cannot be valid right up to the crack­
tip . As shown in the previous section, within some region near the tip (closer 
than half the specimen thickness) the two-dimensional field must give way 
to a region of severe three dimensionality where the plane stress assumption 
breaks down. Although the above restrictions are competing, there may be 
cases where there exists some finite annular region surrounding the crack­
tip such that the stress field is square-root singular and (6- 11 + 6-22 ) is de­
scribed by Eq. (22) . In such cases we say that we have a situation of Ki 
dominance and we assume that the stress intensity factor characterizes the 
fracture process . The classical analysi s of caustics, for both statics and dy­
namics, assumes that K1 dominance always exists and attempts to relate the 
dimensions of the caustic curve to the instantaneous value of K1, 

From a mathematical standpoint the above expression [Eq. (22)] is only 
the leading term of a transient asymptotic expansion for the stresses , which 
will be presented in the following section. As will be seen in that section , 
only the leading 1/\fri term of the transient expansion has the same form as 
the corresponding term of an expansion obtained if steady-state conditions 
are assumed. Indeed the 0( 1/\fri) term of the transient problem is obtained 
if the constant values for K1 and v of the steady-state case are replaced by 
their time varying counterparts . However, this is not true for terms of higher 
order. For the transient crack growth problem, such terms will in general 
contain time derivatives of v(t) and K1(t) . As a result their importance rela­
tive to the leading term will depend on the nature of the time history of 
crack-tip speed and stress intensity factor as well as on the distances from 
the crack tip where measurements are performed. In addition, the 81 varia­
tions of the transient higher-order terms are found to be different from their 
steady-state counterparts of the same order in r1 [see Eq. (28)]. 

The classical analysis of caustics is based on the assumption of K1 domi­
nance . This means that in a real experimental situation , Eq. (22) approxi­
mates the stress field at least in a non vanishing annulus defined by b< r<a. 
The inner bound b is dictated by the extent of the three-dimensional zone 
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surrounding the crack-tip (see previous section) while a is determined by the 
transient n_ature of the loading (see next section) . A region where Eq. (22) 
holds is called a K1-dominant region. 

If the optical path difference corresponding to Eqs . (21) and (22) is sub­
stituted into the caustic mapping Eq. (10) for a virtual image (negative sign), 
these become 

A 38, 
X 1 = r1 cos 81 + Kr,- 312 cos - , 

2 

where 

k 

,·, sin 0, , - l/7 . 38, ~-- + a , Kr, - - sin - , 
a 1 2 

z0hcF(v)K1 

V21r 

(23) 

As discussed above , the condition for the existence of a caustic curve is the 
vanishing of the Jacobian determinant of the mapping described by Eq. (23). 
The final form of this condition is obtained by substituting Eq. (22) into 
relation (21) and using Eq. (16) to provide the locus of points surrounding 
the crack-tip (initial curve) where the Jacobian vanishes. The equation of the 
initial curve is thus given by 

- 9 v? ) 3 A - , , ) 58, 
r f - 4n. -a1 + 2KrJ-(cx1 - ))cos 2 = 0. (24) 

The equation of the caustic curve is now given by the mapping equations 
(23) under the constraint provided by Eq. (24). (For details see Rosakis [28].) 
As has been demonstrated by Kalthoff, Beinert, and Winkler, for realistic 
crack-tip velocities (v < 0.4c,, where c, is the mate rial shear wave speed), 
the third term of thi s equation is small compared to the first two. This im­
plies that the initial curve is nearly a circle of radius ro(t). Its equation is 
given by 

3 , , 3hcKW)z0 

( 

/ ) 2/5 

r, = (2a,K) _15 = 2\/2F[v(f)] = ro(t). (25) 

Note that for a fixed z0 value, r0 is , in general, a function of time dictated by 
the stress intensity factor and velocity histories . Substituting r1 = r0 in the 
mapping equations (23) one obtains the parametric equations for the caustic 
curve: 

( 
38,) l'o COS 81 + 2/3a,- I COS 2 (26) 

ro( . . 38,) X 2 ~ sin 81 + 2/3a1sin 2 , 
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The above relations are the parametric equations of the caustics for dynamic 
crack growth and are obtained under the assumption of K1 dominance [ex­
istence of a region surrounding the tip where relation (22) describes the 
stress field accurately]. For a quasistatically propagating (vlc1 - 0) or a sta­
tionary (v = 0), crack , cx1 - I or cx1 = I , and relations (26) become the 
parametric equations for an epicycloid. (See Theocaris [7] .) 

The caustic equations (26) can now be used to relate the instantaneous 
value of the stress intensity factor K1(t) with maximum transverse diameter 
(D = 2xrAX) of the caustic . For dynamic crack growth under K1 dominance 
this relation becomes 

'r-.= 1/? 
2 v .:.TI (D(t)) ' -

Kf(t) = ---- --
3cx1chz0F(v) 3.17 

(27) 

The above relation reduces to the original static result by Manogg [I] if v -
0, recalling that in such a case F(v) - I and a1 - I. 

It should be emphasized again at this point that the above results have 
been derived under the assumption of plane stress and K1 dominance. Keep­
ing this fact in mind is important in estimating the limits of the applicability 
of these relations in experimental investigations of dynamic crack growth 
conducted in laboratory size specimens where these assumptions may be 
violated. 

For the case of quasistatically loaded, stationary cracks in single-notch 
specimens of steel and PMMA, Rosakis and Ravi-Chandar [34] have inves­
tigated the limits of the Ki-dominant plane stress interpretation of caustic 
patterns generated at different distances near the crack-tip. The specimen 
configuration was chosen in such a way that K1 dominance was realized 
outside the near-tip three-dimensional zone . Specimens of identical in-plane 
dimensions but different thicknesses were tested in both transmission and 
reflection. For each specimen and load level, the distance z0 (between the 
specimen and the focal plane of the camera " screen " ) was varied and the 
caustic curves were photographed . Following Eq. (25) (for v = 0) it can be 
seen that an increase or decrease of Zo implies an increase or decrease of the 
radius of the initial curve r0 for the same level of stress intensity factor. The 
near-tip region was thus scanned in the range 0 < r0 < 2h . Since points on 
the initial curve map directly on to the caustic, the resulting caustics will be 
described by Eqs. (26) and (27) only if the initial curves generating them lie 
on regions near the crack-tip where the stress field is well described by Eq. 
(22). It is only then that caustics can furnish the correct values of stress 
intensity factor through Eq. (27). Boundary value measurements of the 
loads , conducted simultaneously with the optical experiments, provided the 
value of the stress intensity factor which was called K20 • The sequence of 
caustic curves obtained by varying z0 were also used to obtain an indepen­
dent measurement of K called KEx P, by assuming that Eq. (27) , v = 0 , was 
valid for the whole range of initial curve radii achievable in the experiments . 
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Some of the results of their investigation are shown in Fig. 10. IO. The figure 
shows the ratio K Exr; K 20 plotted versus the normalized radius of the initial 
curves used to generate the caustics. 

It becomes apparent from these figures that for caustics generated by ini­
tial curves whose radii are larger than half the specimen thickness, caustics 
analyzed on the basis of Eq. (27) provide the correct value of the stress 
intensity factor. This in turn implies that for quasistatically loaded , station­
ary cracks and large enough specimens, Ki dominance may prevail for r > 
0.5h. On the other hand , for r < 0.5h the interpretation of caustics through 
relation (27) clearly fails. This is consistent with the numerical results pre­
sented in Fig. 10.9. The figure clearly shows that the maximum extend of 
the near-tip three-dimensional zone is approximately equal to 0.5h . To fur­
ther demonstrate the consistency between the experimental predictions (Fig. 
10.10) and the numerical calculations (Fig. 10.9) one may observe that as 
the crack front is approached (rlh -> 0 and V - h/2 < x3 < h/2) the value of 
the ratio cr3/ v(cr 11 + cr22) plotted in Fig. 10.9 tends to unity and thus the 
optical path difference 11s, for caustics by reflection [Eq. ( 18)], vanishes . 
This implies that the apparent stress intensity factor K Ex r measured by caus­
tics , insisting on a plane stress interpretation even within the 30 zone, will 
drop to zero as the crack-tip is approached. This is exactly what is predicted 
by Fig. 10. l0(b). For further discussion on this subject regarding dynami­
cally loaded stationary cracks, see Krishnaswamy, Rosakis , and Ravichan­
dran [37]. Also, for a numerical investigation of three-dimensional effects 
during steady-state elastodynamic crack growth , see Smith and Freund [45] . 

The situation may be even more complicated than the one described 
above if the plane stress region surrounding the near-tip 30 zone is not K 
dominant (not well described by only the first term of the asymptotic expan­
sion in the stresses). In quasista tic cases this may be due to specimen ge­
ometry (e.g., the proximity ofa specimen boundary to the crack-tip) . In such 
a case the plane stress region surrounding the 30 zone would only be ade­
quately described by a more complete higher order description of the 
stresses and Eqs. (23)-(29) derived above would again be inaccurate. 

For transient dynamic crack growth on the other hand , a higher-order 
term expansion may be necessary even in cases where specimen in-plane 
dimensions are much larger than the crack length. This is true since for tran­
sient crack growth the coefficients of a higher-order expansion also depend 
on the magnitude of the time derivative of stress intensity factor and on the 
crack-tip acceleration history. (See Freund and Rosakis [46], Rosakis, Liu , 
and Freund (47], and Krishnaswamy, Tippur, a nd Rosakis [48] .) In such 
cases a more elaborate analysis of caustics may be necessary for the correct 
measurement of the time history of stress intensity factor. (For more discus­
sion on the structure of transient high-order terms, see Secs . A .5 and B. l . 
Also the recent analytical investigations by Ma and Freund [49], and by Ma 
[50] on the transient nature of near-tip fields is of relevance here.) 
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In a typical dynamic fracture experiment, a high-speed camera is used to 
obtain a time sequence of caustics. The diameter D(t) of these caustic is 
measured and hence the stress intensity factor K1(t) is inferred using Eq . 
(27). Unlike static experiments, the focal distance of the camera (and hence 
z0) has to be kept constant during the dynamic event whose net duration is 
often of the order of milliseconds. From Eq. (25) one finds that ro(t) = r0 

(K1(t), z0 , v(t)) and as K1(t) varies with time in a dynamic experiment , the 
radius of the initial curve would perforce change during the course of the 
experiment. Thus, from the point of view of experiments, it is vital to know 
that Eq. (21) based on the plane-stress approximation together with the 
asymptotic equation (22) lead to a valid expression for the optical path dif­
ference field for at least the range of radii that the initial curve would cover 
during the event of interest. 

To make matters a little more explicit , suppose that during the event of 
interest (which could be the crack propagation phase) the initial curve radius 
is known from previous experience to vary in the region r111 ; 11 ,s r0 ,s r 111 ., , for 
some choice of the object plane distance z0• Also, since the domain of valid­
ity of Eq. (22) could, in general, be time dependent as well, let a and b be 
such as to give the smallest annulus in which Eq. (22) holds, for all times 
during the entire event of interest. Then , for a valid interpretation of the 
caustics in terms of the above formulas [Eq. (27)], the inequalities 

must be satisfied in order to have the initial curve fall in a region of K1 
dominance at all times. 

The first attempts to address the issue of the validity of Eq. (22) is re­
ported in Ravi-Chandar and Knauss [26] . A series of tests were performed 
using the method of caustics in transmission on identical specimens under 
identical stress-wave loading , varying from test to test only the object plane 
distance z0• In this manner a range of initial curve radii was scanned and, 
since presumably the actual stress-intensity factor history K1(t) for various 
tests must be identical, the apparent stress intensity factors measured from 
caustics obtained from different object planes must also agree, at least for 
those times when the initial curve falls within the region of K1 dominance. 
Their results were also found consistent with the elastodynamic analysis per­
formed by Ma and Freund [49] who modeled the same experimental situa­
tion. Their findings indicate that the assumptions behind Eq. (22) might not 
generally be tenable. Since a substantial part of the dynamic fracture data 
extent in the literature has been obtained through the use of either caustics 
or photoelasticity, the ramifications of the result are potentially far-reaching 
and thus deserve more careful scrutiny. 

In particular, in the method of caustics, it would be preferable to be able 
to obtain the apparent stress-intensity factor values from different initial 
curves around the crack-tip for the same specimen at any instant in time . 
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While comparison of results across tests can be made with confidence for 
the loading regime of the experiments, this becomes more difficult in the 
crack propagation phase since small variations in crack motion history could 
lead to large variations in the value of the stress intensity factor from test to 
test. 

A.4.2 Bifocal Caustics Experiments 

A schematic of the optical set-up required to bring two different object 
planes simultaneously into focus in a single camera is shown in Fig. I 0 . 11. 
This schematic corresponds to a reflection arrangement for caustics. The 
setup entails the use of two beam splitters and two mirrors by which two 
optical paths of different path lengths are established between the opaque 
specimen and the high-speed camera. With reference to the figure, let the 
high-speed camera be set up to focus at a distance f from the camera lense. 
Along path (I) this would mean that the virtual object plane is located a t a 
distance z01 behind the specimen. Along path (2), however, by virtue of the 
increased length (2L) between the specimen and the camera lens, the object 
plane would now fall only a distance z02 = z01 - 2L behind the specimen. 
Thus the caustic obtained from the two paths would be from two different 
initial-curve radii. These two caustics could be made to appear on the film 
track of the high-speed camera either superposed or side by side. 

In a similar manner, a bifocal optical arrangement for caustics by trans­
mission can be designed. Such an arrangement is shown in Fig. 10. 12. Here 
the laser light is transmitted through the transparent specimen and the two 
object planes are real and are located at two different distances, z01 and z02 , 

in front of the specimen. 

Specimen 
I I 

~- -- - - - - -- _j_ - -~---~--~!' 
I I 
I 2l I 

High Speed 
Camero 

ponder and Collimator 

ror 

Figure 10.11. Schematic diagram of a reflection bifocal caustics setup. 
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Figure 10. 12. Schematic diagram of transmi ss ion bifoca l caustic setup. 

For nomenclatural convenience, the pairs of dynamic caustics obtained 
by use of this bifocal high-speed camera will henceforth be referred to as 
" bifocal caustics," with the implicit understanding that such caustics are 
obtained from two different initial curves on the same specimen at the same 
time. By changing the distance L from test to test or by changing the focal 
plane of the camera, one could of course scan various sets of initial curves. 
Figure 10.13 is a photograph of the actual experimental setup in reflection. 
The sets of beam splitters and lenses are clearly visible. The drop weight 
tower used to load the specimen is also shown in the background. 

A.4.3 Results of the Bifocal Caustics Experiments 

The test which are described below were done in a reflection arrangement 
and were performed on three-point-bend AISI 4340 steel specimens 30.5 cm 
long , 15.25 cm wide , and 1.0 cm thick with an initial notch of length 3.8 cm. 
The specimens were heat treated as follows: (I) normalized at 1,650 °C for 
I hand air cooled, (2) austenitized at 1,550 °C for I hand oil quenched, and 
(3) tempered at 220 °C for I h and air cooled . One surface of each specimen 
was lapped and polished . A Dynatup 8 I00A drop-weight tower was used as 
the loading device. A rotating mirror high-speed camera in conjunction with 
an argon-ion pulse laser was used to record a time-sequence of bifoca l caus­
tics as described earlier. The details of specimen preparation and the exper­
imental setup may be found in Krishnaswamy and Rosakis [36]. The pairs 
of caustics obtained at each instant of time were analyzed as described ear­
lier to get the apparent stress intensity factor histories. Only representative 
results will be presented here (see Fig. 10 . 14) . Figure 10 . 15 shows the result s 



Figure 10.13. Photograph of experimental setup and loading device for " bifocal 
caustics." (Reflection.) 

Figure 10.14. Representative sequence of reflection bifocal caustics of a dynami­
cally loaded stationary crack in AISI 4340 steel. 
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Figure 10.15. Time variation of apparent stress intensity factors as inferred from 
bifocal caustic curves using the classical elastodynamic analysis of caustics. Initial 
curves are outside the crack three-simensional zone during crack growth. (Reflec­
tion , 4340 steel.) 

for a propagating crack in 4340 steel. The apparent stress intensity factors 
obtained from the diameters of the bifocal caustics pairs are shown as func­
tions of time from impact. Crack initiation was achieved 620 µs after impact. 

After that time the crack propagated with a velocity in the range of 1,000-
2,000 mis. The object plane distances used in this experiment were z01 = 
3.10 m and z02 = 1.84 m. The region of possible measurement uncertainty is 
indicated as vertical error bars. It is interesting to note that the larger mea­
sured apparent stress intensity factor corresponds to the larger z0 value and 
hence the larger initial curve radius. Also as time goes on, and transients 
tend to die off the difference is reduced. Differences up to 30% in the mea­
sured values of K1 are seen in these experiments despite the fact that the 
initial curve radii r01 and r02 were always kept greater than one-half the spec­
imen thickness during crack growth. Unlike the results of Rosakis and Ravi­
Chandar [34] for the static case [Figs. IO. IO(a) IO. IO(b)], these differences 
persisted even for rofh ;,,, 0.5. This indicates that in the dynamic tests the 
plane stress region surrounding the near-tip region was not Ki dominant and 
that the analysis of caustics presented above was incapable of furnishing the 
same value of stress intensity factor from two simultaneously obtained caus­
tic patterns generated outside the crack-tip 3D zone . 
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The above observations together with recent experimental evidence ob­
tained using the CGS technique (see sec. B.4 of this chapter) strongly sug­
gest that a more elaborate analysis of the optical method of caustics is nec­
essary to ensure the usefulness of this technique as an accurate diagnostic 
tool in dynamic fracture studies. This is particularly true for dynamic frac­
ture experiments in laboratory size specimens where the existence of wave 
reflections almost always precludes the attainment of pure steady-state con­
ditions. In addition we expect that the transient nature of dynamic crack 
growth becomes especially important at times close to both crack initiation 
and crack arrest. At such times the possibility of lack of K,' dominance is 
enhanced and thus the classical analysis of caustics becomes questionable . 
Similar conclusions can also be drawn on the basis of an ingenious study 
performed recently by Ningham and Shukla [5 I]. In their work, caustics, 
interpreted in the classical sense, and photoelasticity, interpreted by means 
of a steady-state higher-order expansion, were used to obtain stress intensity 
factor histories for the same specimen configuration and loading. Differ­
ences of up to 30% in K1(tJ were observed which indicates that the assump­
tions made in interpreting the optical patterns are very crucial. Although the 
steady-state higher-order expansion used in the photoelastic study is not 
strictly accurate, it is still an improvement over the assumption of K1 dom­
inance used by the classical interpretation of caustics since it provides more 
flexibility over K1 dominance. An improved higher-order expansion, derived 
for the most general case of transient crack growth at arbitrary crack-tip 
velocity histories will be presented in the next section. 

A.5 Interpretation of Caustics on the Basis of a Higher­
Order, Transient, Elastodynamic Analysis 

The experimental results (obtained by means of bifocal caustic pairs), dis­
cussed in the previous section , clearly show the inadequacy of the classical 
analysis of caustics in accurately measuring the dynamic stress intensity fac­
tor during highly transient crack growth events. Even if the initial curve 
radius lies well outside the regions of near-tip three-dimensionality, where 
plane stress conditions are achieved, the assumption of K,' dominance [ va­
lidity of relation (22) outside the three dimensional zone] clearly fails , re­
sulting in the inconsistencies described above. 

In this section, we provide an explanation of this phenomenon by relaxing 
the assumption of K1 dominance. While dynamic caustic patterns have con­
ventionally been analyzed under the assumption of K1 dominance , the use 
of higher-order terms has been the recent practice in the method of photo­
elasticity. (See Dally, Fourney, and Irwin [52), Chona, Irwin, and Sanford 
[53), Sanford and Chona [54), Chona and Sanford [55), and Shukla and 
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Chona [56].) However, all available higher-order elastodynamic solutions 
thus far have been for the case of steadily propagating cracks, and the ap­
plicability of such solutions to highly transient problems is still questionable. 
Nonetheless, use of a higher-order steady-state expansion is bound to be an 
improvement over the assumption of strict Ki dominance. 

We will now relax the assumption of Ki dominance and examine the va­
lidity of a transient higher-order expansion for dynamic crack growth which 
has become available recently by Freund and Rosakis [46], and Rosakis, 
Liu, and Freund [47]. 

A.5.1 Transient Crack-Tip Fields 

Consider a planar, Mode-I crack that grows through a plate specimen com­
posed of a homogeneous, isotropic , linearly elastic solid. The midplane of 
the specimen occupies a region in the x 1, x 2 plane, and the crack-tip trans­
lates with a nonuniform velocity v(t). A translating orthonormal coordinate 
frame {O; x1, x 2, x3} is introduced with its origin at the midpoint of the moving 
crack front and oriented with the x 1 axis aligned with the direction of crack 
growth . If a generalized plane stress assumption is made then a three-term 
expansion for the thickness average of the first stress invarient 6- 11 + 6- 22 at 
the vicinity of the propagating crack tip can be expressed (Freund and Ro­
sakis [ 46]) as 

0-11 + 6-22 
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The above expansion was obtained by considering the fi,i/ly transient crack 
growth problem. No steady-state assumption was allowed . Its first team is 
identical to the result of Eq. (22) and its coefficient A 0(t) depends on K1(t) 

and v(t) , but not on their time derivatives. On the other hand , the functions 
D 1 [A 0(t)] and B(t) that appea r in the higher-order terms are directly linked 
to the time derivatives of K1(t) and v(t). The coefficients A ,(t) and Ail) are 
undetermined by the asymptomatic analysis. Their functional form can be 
determined for particular initial/boundary-value problems. 

If the crack-tip velocity v(r) is constant, i.e. , i1(!) = 0, and therefore 
B(t) = 0, we obtain the asymptotic stress field corresponding to transient 
crack growth under constant velocity and varying stress intensity factor. 
(See Freund and Rosakis [46], al so see Sec . B.5 of this chapter.) A classical 
example of such a constant velocity, but transient crack problem , is the one 
analyzed by Broberg (see Freund [44] and Freund and Rosakis [46]). Fur­
thermore , if the time derivative of the dynamic stress intensity factor, K11(t), 

is also zero , both D 1 [Ao(!)] and B(t) will vanish. Then we obtain the familiar 
results of the asymptotic stress field, up to three terms , obtained by means 
of a steady-state expansion. (Dally, Fourney, and Irwin [52] .) 

A.5.2 Caustic Mapping Equations for Transient 
Elastodynamic Crack Growth 

Substitution of Eq. (28) for the first stress invariant into the optical path 
difference relation (21), and using Eq. (10) , the equations for the caustic 
mapping can be obtained. The complete form of such equations has been 
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derived by Liu , Rosakis , and Freund [57]. However, in most cases of prac­
tical significance crack-tip speeds do not exceed a speed of 0.20c, or approx­
imately O.ScR where cR is the material Rayleigh wave speed in plane stress. 
It is thus felt that assuming that vie, < < 1 will lead to a useful and accurate 
simplification for the mapping equations which now become 

, ? 301 , 01 X 1 = r cos 8 + K(t)r - 31- cos - - A(t)r - 112 cos -
I I I 2 I 2 

where 

K(t) 

A.(t) 

B(t) 

F(v) 

3v2 

Zo chp(cf - cD -
4

? Ao(t) c, 

Zo chp(c} - cD B(t), 

(a} - a ~) (I + a ;) 

4a1a, - ( I + a ;)2 

z0 chF(v) K"() 
'~ If , 
v .err 

(30) 

Following the discussion presented in the previous sections, the equation for 
the initial cure is now obtained by requiring that the Jarobian of the above 
transformation vanishes . This requirement leads to the following equation 
for the initial curve: 

(31) 
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The equation of the caustic curve itself is now given by Eq. (30) under the 
restriction provided by Eq. (31 ). 

In the absence of crack-tip acceleration i,(t) = 0, B(t) vanishes. If further 
k1(t) = 0, D1 [ao(t)] also vanishes. In such a case, Eqs. (30) and (31) describe 
the caustic curves corresponding to steady state crack growth evaluated on 
the basis of a three-term steady-state expansion for the stresses. If in addi­
tion Az(t) vanishes, these relations exactly reduce to Eqs. (23) and (24) ob­
tained under the assumption of K1 dominance (Rosakis [28]). 

For stationary cracks ( v = 0) D 1 [A 0 (t)], B(t) and B(t) all vanish even if 
k, 'F- 0. Depending on whether the loading is dynamic or not Az(t) may be 
either a constant or a function of time. If Ait) happens to vanish , then a 
situation of K, dominance is established outside the near-tip three-dimen­
sional zone and the equations of the caustics reduce to those of an epicycloid 
(Theocaris [7]). 

Equations (30) and (31) are still complicated . Nevertheless, given exper­
imentally obtained caustic patterns and an appropriate numerical scheme, 
they can be used to obtain the values of K(t), A(t), and B(t) as functions of 
time if, in addition, v(t) and thus v(t) are independently known . It should be 
noted at this point that B(t) is related to k(t) by 

, 2i,(t) , 
B(t) = -

4
- ? K(t), 

cx,q 

and thus is not an independent variable . 

(32) 

In an attempt to retain some of the simplicity of the classical analysis of 
caustics one can introduce a simplifying assumption regarding the nature of 
the initial curve. Assuming that the initial curve remains a circle of radius 
r0 , 1.e. , 

G cx,k(t) r2 (33) 
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V2'rr K, t , 

allows us to relate the two independent unknowns k(t) and A.(!) to two easily 
measurable dimensions of the caustic curve. As will be discussed later, the 
validity of the assumption regarding the initial curve [Eq. (33)] has been 
extensively discussed by Liu, Rosakis, and Freund [57]. 

The two caustic curve dimensions chosen in this analysis are the maxi­
mum transverse diameter D of the caustic and the distance between the point 
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of intersection of this diameter with the x 1 axis a nd the front of the caustic . 
This length will be denoted as X. These lengths a re shown schematically in 
F ig . 10.16. 

By substituting r1 = r0(t) into the mapping Eq. (30) a nd using Eq. (33) , 
the parametric equations of the caustic are obtained as follows: 

{ 
2 [ 30, A(t)r0 e, 

X
1 

= r cos 0 + - ex - 1 cos - - -, - cos -
0 I 3 I 2 K(t) 2 

(34) 

For A(t)rr/K(t) - 0 and v(t) rr/cx;c} - 0 , Eqs. (34) reduce to the parametric 
equat ions for dyna mic caustics [Eq. (26)] obtained on the basis of K,' domi­
nance. 

The above equations can now be used to rela te D a nd X to the instanta­
neous value of the stress intensity factor K,1(!). Letting 01 = 0/l be the a ngula r 
coordinate of the point (r0 , 0f) o n the initial curve that maps o n to the point 
of the caustic curve where X, is max imum, and observing that D = 2X, (0/l), 

D 

CRACK--+-----~.__~X'----i-. 
X1 

Figure 10.16. Schematic of a caustic curve. The lengths D and X necessary for data 
analysis are shown. 
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(aX/ae t) (0f) = 0, and X = X 1 (0) - X 1 (0f) one obtains (Liu, Rosakis, and 
Freund [57)) 

where 

and 
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The angle ep that appears in the above equations is the root of the follow­
ing trigonometric equation: 
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A similar relation for A(!) can also be obtained. In addition , B(t) can also be 
determined through Eqs. (32) and (35) . 

In an experimental situation caustic patterns are photographed and D and 
X are measured. Equation (36) is then used to obtain ef, substitute it in Eq. 
(35) and thus obtain Ki. 

As demonstrated by Liu , Rosakis, and Freund [57], Eqs. (35) and (36) 
reduce to Eq. (27) for the case of pure Ki dominance. For this case i1(t) and 
A(!) both vanish and 0f is a weak function of crack-tip velocity and such 
that ef ~ 72°. 

The major assumption pivotal to the derivation of the relation between 
K1, D, and X [Eqs. (35) and (36)] is the circularity of the initial curve [Eq. 
(33)]. The accuracy of this assumption is discussed in detail by Liu , Rosakis , 
and Freund [57] . In their work, a highly transient crack problem with an a 
priori known Ki(!) history (sudden extension of a stationary crack with ini­
tial velocities up to 0.6cJ was used to numerically construct caustic patterns 
and to demonstrate that even for short times after crack initiation [high val­
ues of DJ {A0} and thus A(!)], the initial curve remained virtually circular 
with radius r0 ~ [3 !2a,k(t)]512

• The numerically computed caustic curves 
were then analyzed to obtain Ki(!) as would be done in an experiment and 
to compare with the theoretically known Ki(t) time history. When the caus­
tics were analyzed on the basis of Eq. (27) (classical analysis) errors in ex­
cess of 50% of the theoretical values were obtained at times close to crack 
initiation . On the other hand, when Eqs. (35) and (36) were used in the anal­
ysis of the caustic patterns the theoretical value of Ki(t) was obtained to 
within I%. This clearly indicates that the improved analysis of caustics, 
based on the higher-order transient expansion, presented above , is capable 
of providing accurate values of stress intensity factor history. 

Relations (28)-(36) show that the time derivatives of the velocity and 
stress intensity factor histories [see definitions of A(!)] contribute to the am­
plitudes of the higher-order terms for the stresses and also influence the 
mapping equations for the caustics. As a result , one can imagine situations 
in which Ki dominance may exist for a stationary crack of a given length in 
a specific specimen, geometry, while K i dominance may not prevail during 
transient crack growth [ki(t) cf= 0 , and or v(t) cf= O] in an identical specimen 
geometry and same instantaneous crack length. An experimental example 
of such a situation will be discussed in the section of this chapter devoted 
to dynamic fracture applications of CGS (section 8). In such cases , the clas­
sical analysis of caustics would clearly be inapplicable and may prove to be 
a serious source of error (also see Krishnaswamy, Tippur, and Rosakis [48]). 

A.5.3 Concluding Remarks 

The shortcomings of the classical analysis of caustics discussed here may 
have far-reaching consequences. In particular, caution should be exercised 
in the interpretation of experimental measurements obtained by caustics in 
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the past , especially when highly transient crack problems were studied by 
the technique. The implications of the above on the investigation of funda­
mental physical phenomena in dynamic fracture and in particular on the in­
vestigation of the existence of a unique relation between dynamic fracture 
toughness and crack-tip speed have been discussed by Freund and Rosakis 
[46]. Such issues will also be discussed later in this chapter in relation to fu ll 
field, dynamic, crack-tip measurements performed by means of the coherent 
gradient sensor method (CGS). Like caustics, CGS is sensitive to gradients 
of (6- 11 + 6- 22 ) but in addition it is a full field method. As such, it has the 
capability of revealing the transient structure of the near-tip field and to di­
rectly demonstrate the existence or lack of K1 dominance. 

A.6 Application of Caustics to the Investigation 
of Elastoplastic Crack Problems 

Most structural materials that contain cracks undergo substantial plastic de­
formation under rising load prior to onset of crack growth. In many cases, 
including standard specimen configurations , a large plastic zone develops 
around the crack-tip and there is no region of the body over which a stress 
intensity factor controlled elastic field prevails. The linear elastic fracture 
toughness approach to fracture resistance characterization is then not appli­
cable and other criteria, such as the critical J must be adopted. Methods for 
measuring values of J for ductile fracture specimens a re available but the 
methods are indirect, in genera l, in the sense that va lues of J are inferred 
from values of other measured quantities, typically load and deflection data. 
In this section, attention is focused on points deep within the crack-tip plas­
tic zone, and a means of inferring values of J from the loca l deformation 
field is discussed. 

As discussed, in Sec. A.4, the classical ana lysis of caust ics for cracks in 
linear elastic solids proceeds on the basis of the assumption of K 1 domi­
nance. It is important to observe that within the fra mework of the assump­
tion of K1 dominance , the deformed shape of a thin plate specimen surface 
near a crack-tip is known up to a scalar ampl itude, which is proportional to 
K 1• Thus, success of the method of caustics is based on the fact that, with a 
suitable optical arrangement, the light pattern obtained by reflecting parallel 
incident light from the specimen surface near the crack tip provides a direct 
measure of the stress intensity factor. 

Once the idea of the method is described in this way, it becomes clear 
that applicabi lity of the technique does not hinge on the material in the 
crack-tip region responding in an elastic manner. Instead, the key feature is 
that the deformed shape of the specimen surface (that is, the reflecting sur­
face) in the crack-tip region is known up to a scalar amplitude. Although the 
mechanics of elastic-plastic fracture is not as fully developed as e lastic frac-
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ture mechanics, the available asymptotic analyses of near-tip fields in 
power-law hardening materials suggest that this situation may prevail for 
these cases as well. Within the framework of plane stress analysis, with 
small strains and proportional stress histories for stationary cracks, the 
value of Rice's J integral has been proposed as a plastic intensity factor. 
This viewpoint was adopted by Rosakis and Freund [30] and Rosakis , Ma , 
and Freund [31]. It was thus assumed that J provides a suitable scalar am­
plitude for the deformed shape of the surface of an elastic-plastic fracture 
specimen (J dominance) and a means of directly measuring this amplitude 
was proposed . Although there are methods available for measuring J values 
for ductile materials, they apply only for rate-independent materials sub­
jected to quasi-static loading. While the direct optical method being dis­
cussed here has drawbacks of its own, its use is not subject to the same 
limitations on rate of loading or material response . 

A.6.1 Stationary Cracks in Elastic-Plastic Solids 
(the HRR Field) 

Consider a large plate of elastic-plastic material that exhibits power-law 
hardening behavior. Suppose the plate is initially of uniform thickness h and 
that is contains a long through-crack. The plate is subjected to edge loading 
which results in a plane stress opening mode of deformation. If the mid plane 
of the plate undergoes no transverse displacement, then the normal displace­
ment of the plate surface u3 (x 1, x 2) is 

(37) 

where the orientation of Cartesian axes shown in Fig. I 0.6(a) is assumed and 
E 33 is the total strain in the thickness direction and x3 = - f(x 1, x 2) is the 
equation of the specimen surface after deformation. If a state of generalized 
plane stress is assumed the above relation reduces to 

(38) 

where c33 (x1, x 2) is the thickness average of the total strain in the thickness 
direction. 

Hutchinson [58] and Rice and Rosengren [59] showed that for two-dimen­
sional deformation states the strain components in the crack-tip region scale 
with the value of J for a power-law hardening material. They considered a 
monotonically loaded stationary crack in an incompressible material de-
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scribed by a 1 2-deformation theory of plasticity and a relationship between 
post-yield strain Eu and stress au of the form 

:~ = ~ ( :: r-1 ::: , (39) 

where 

(40) 

and a0 is the tensile yield stress, E0 is the eq uivalent tensile yield strain , and 
n is the hardening exponent. By introducing the preceding assumptions, they 
observed that, within a small strain formulation , the asy mptotic strain dis­
tribution in the crack-tip region is 

( )

11//11 + // 

Eu~ Eo __!__I. E;/n,e), 
CToEo ",. · 

(41) 

as r ~ 0 in a polar coordinate sys tem with origin at the crack-tip. The an­
gular factors Eu in Eq. (4 1) depend on the mode of load ing and on the hard­
ening exponent. The dimensionless quantity 111 , decreases from 111 = 5 for 
n = 1-2.57 for infinitely large values of n for cases of generalized plane 
stress. The intensity factor Jin Eq. (41) is the value of Rice 's J integral. T he 
singular Eq . (4 I) is customarily referred to as the HRR singularity. The 
asymptotic result Eq. (41) was derived under the furth er assumption that 
the dependence of the local field on the polar coordinates rand 0 is indeed 
separable. 

For plane deformations, the J integral is defined for any path of integra­
tion C by 

J = L (Wn 1 - n;ai;i11.1)c/C, (42) 

where Wis the local stress work density, n 1 is the x 1 component of the unit 
vector normal to C, and u ; is the part ic le displacement vector. The integral 
has the well-known property of path independence , that is, J = 0 for any 

simple closed path in the body in the abse nce of body forces. This implies 
that J has the same value for all paths that begin on one traction-free face of 
a crack in a plane with normal in the x2 direction and tha t end on the opposite 
traction-free face of the crack . Because the path of integration ca n be chosen 
to be arbitrarily close to the crack-tip , J has been interpreted as a measure 
of the strength of the crack-tip singular field, a role that is obvious from the 
form of Eq . (41). Based on the observation that J is a characterizing param­
eter for the crack-tip field , it has been sugges ted tha t a condition for onset 
of crack growth is the atta inment of a critical value of J . T his seems reason­
able , provided that the one-parameter characterizat ion remain s valid and 
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that the one-parameter field prevails over a region large in size compared to 
the fracture process zone (J dominance) . The interest in measuring values 
of J for ductile materials stems from the potential usefulness of this sug­
gested criterion. 

In view of the assumed incompressibility of material response, the strain 
in the thickness direction which appears in Eq. (38) is related to the in-plane 
strains by 

(43) 

For specified material parameters and a given value of J , the in-plane strain s 
are known from Eq. (41 ), the out-of-plane strain is computed from Eq. (43), 
and the shape of the reflecting surface is then given by Eq. (38) . Thus , for 
points near the crack-tip, the shape of the reflecting surface is known up to 
a scalar amplitude, namely the plastic stra in intensity J. In the next section , 
the relationship between the magnitude of J and the size of the shadow spot 
obtained by reflecting parallel incident light from this surface is established. 

It should be noted that Eq. (43) will provide an overestimate of lateral 
contraction for given in-plane strains because for most materials the elastic 
part of the local deformation is not incompressible although the plastic part 
may be so. For points close enough to the crack-tip for the plastic strain to 
dominate the elastic strain, however, the total strain is expected to satisfy 
Eq. (43) to an acceptable degree . 

A.6.2 Analysis of Caustics on the Basis of the Assumption 
of the Validity of a Plane Stress HRR Asymptotic 
Crack-Tip Field (J Dominance) 

According to the assumption of J dominance , Eqs. (38) , (41 ), and (43) can 
be used to furnish the shape of the reflecting surface fix 1, x2) as follows: 

( )
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Numerical values of the angular variations Eu are available for many values 
of ha rdening exponent n from the work of Shih [60). Again , Eq. (44) repre­
sents the normal displacement of points on the initially plane specimen sur­
face due to deformation. For an initial curve that is well within the crack-tip 
plastic zone where the HRR field can be expected to dominate , the caustic 
mapping Eqs . (10) take the form 

_ I l .-, E,.,. + Euo 
( ) 

11/(11 + I l ( ) 

X - X + £ 0Z0 1 -- v ---- • 
Eocrof11 r11lt11 + IJ 

(45) 
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In polar form these equations become : 

where 

r cos 0 + G r - '211
+

1
>
1c11

+ 1
> (-n- t\J cos 0 + t\J' sin 0 ) , 

n + I 

,. sine + G r - (2n + l)/(II+ I) (-n- t\J sine + t\J' cos e) , 
n + I 

- ( j )11/(11 + 1) 

G - £ 0z0h --
1
- , t\J = £,.,. + £ 00 , 

Eo<J o " 

and the prime denotes the derivative with respect to 0. 

(46) 

(47) 

If the determinant of the Jacobian matrix of the transformation equation 
( 46) is set equal to 0 , then the result is a quadratic equation for r1311 + 2" '" + 1

> in 
which the coefficients depend on t\J, t\J', and t\J", as well as on the hardening 
exponent n. The root of the quadratic equation is 

r(0,n)1311 + 2>
1c11 + 1

> = G R(0,n), 

where 

2R(0,n) 

_n_ t\Jt\J" 
n + I 

(48) 

(49) 

Equation (48) gives the initial curve on the specimen surface for a given 
intensity of local deformation field. Then, substitution of Eq. (48) into Eq. 
(46) yields the equation of the corresponding caustic curve in the X 1, X 2 

plane, parametric in the angle 0, 

(50) 

[ cos e + R - I ( n : I lV cos e + t\J' sin e ) ] , 

X2 G(11 + 1)/(311 +2 ) R'" + l)/(311+2 ) 

[ sin e + R - I ( n : I lV sin e + t\J' cos e ) ] 

for values of 0 in the range -1r < 0 < 1r. 
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The shape of the caustic curve depends only on the distribution of plastic 
strains in the crack-tip region . The absolute size of the caustic curve, on the 
other hand , depends on the strength of the plastic strain singularity, the bulk 
material properties , the geometrical parameters , and the optical parameters. 
In fact, Eq. (50) is a relationship among all of these parameters. Thus, if the 
values of the material , geometrical and optical pa rameters are known , then 
Eq. (50) provides a relationship between the size of the caustic curve D and 
the strength of the plastic singularity J. Adopting the maximum transverse 
diameter D/2 = max (X2) as the characteristic dimension , the intensity of 
the strain singularity can be expressed as (see Rosakis , Ma, and Freund 
[3 I]): 

J = S cr5 ( ~ )111 + 11111 D i311 + 21111_ 

,, E <roZoh 
(51) 

Equation (51) is the main result of this section. It is obtained under the as­
sumption of plane stress J dominance and is the equivalent of relation (27) 
which was obtained on the basis of the assumption of K 1 dominance in elastic 
fracture mechanics. 

All of the parameters that appear in Eq. (51) are determined from prior 
knowledge of the material behavior or from the experimental setup . The 
coefficient S,, is a function of 11 only and its values have been tabulated by 
Rosakis, Ma, and Freund [3 I]. It should be noted that for 11 > 5 the value of 
S,, is almost indistinguishable from the asymptotic value 0.072 for large 11. 

For a nonhardening material (11 - co) , Eq. (51) reduces (see Freund and 
Rosakis [30]) to 

er DJ J = _o:..___ 
13.5z0h 

(52) 

Likewise, for an elastic material (11 1), it is well-known [see Eq. (27)] 
that the stress intensity factor K1 is proportional to the caustic diameter D 
raised to the power 5/2. That Eq. (51) is also consistent with this result is 
evident once the relationship J = Kf! E, which applies for elastic cracks un­
der plane stress conditions , is recalled. It should be emphasized here that 
complete equivalence of Eqs. (51) and (27) is obtained only for the case of 
elastically incompressible solids (v ~ 0.5) since the present analysis used 
incompressibility as one of its assumptions [see Eq. (43)]. 

Unlike for the elastic case, the initial curve is no longer circular and its 
shape depends on the hardening level of the material. The point (,J>, 0/J) of 
the initial curve that maps into the maximum value of X 2 of the caustic curve 
is at an angle 0/J measured counterclockwise from the x 1 axis. It is shown by 
Marchand et al. [61] that 0/J varies from 72° to 56° as 11 varies from I to co 

and that rn can be related to D by 

r/J = { 0.385 D, 11 = 9 (53 ) 
0.40 D , 11 - co · 
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(a) 

(b) 

(c) (d) 

(e) (f) 

Figure 10.17. (a) Regula r array of inc ident light rays ass umed in ge ne rat ing the sy n­
thetic shadow spot patterns in (b)-(f) , based on the HRR asymptotic field. The nu­
merical simulat ion of the reflect ion process is shown for the fo llowing exponent s : (b) 
n = 1,(c)n = 3,(d)n = 9,(e)n = 13, and(f)n = 25. 
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In order to more fully understand the phenomenon of shadow spot for­
mation for a power-law hardening mate rial , a companion study was carried 
out in which the full reflected optical field was simulated numerically. In this 
study, a square array of light rays was assumed to be normally incident on 
the surface of the specimen. The pattern in which these light rays pierce the 
plane reflecting surface of the undeformed specimen is shown in Fig. 
I0.17(a) . These light rays were then " reflected " from a surface deformed 
according to Eq. (44) and the pattern in which the lines of the reflected rays 
pierce a sc reen position behind the reflecting surface was constructed. The 
patterns obtained for n = I, 3, 9, 13, and 25 are shown in Figs. I 0. 17(a)­
l 0. I 7(f). The anticipated features, such as the shadow spot (zero density of 
rays) and the caustic curve (high den sity of rays), a re evident in these con­
structions of the reflected optical fields. Further in sight into the physical 
process of shadow spot formation can be gained by comparing a stra ight row 
or column of rays in Fig. IO. I 7(a) to the positions into which these points 
map in Figs. I0.17(b)-10.17(f). These rows and columns map into curves that 
are tangent to the caustic curve at their common point, as is evident from 
the synthetic optical patterns. 

Finally, a shadow spot photograph obtained by reflection from the near­
tip region ofa ductile steel specimen is reproduced here as Fig. 10.18 in order 
to illustrate the quality that might be expected in applying the ideas being 
proposed in laboratory testing. This photograph was produced by usi ng light 
reflected from deep within the crack-tip plastic zone of a tool steel with a 
low rate of strain hardening in the double cantilever beam configuration. It 
is clear from the photograph that the surface evidence of plastic deformation 
extends far beyond the shadow spot. 

Figure IO. 18. Caustics formed due to reflection of light from within a crack-tip plas­
tic zone . (a) Numerically simulated on the basis of plane stress HRR. (b) Ex peri­
mental. 
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For mixed mode cracks in elastic-plastic sol ids, caustics can also be used 
to measure the J integral as wel l as the mixity factor M,, . The analysi s of the 
caustic patterns for this case has been presented by Zhang and Ravi-Chan­
dar [25) . 

A.6.3 Caustics Obtained on the Basis of 
an Elastic-Plastic Plane Stress, Small 
Scale Yielding Finite-Element Calculation 
(Investigation of the J-Dominance Assumption) 

It shou ld be emphasized once more that Eqs. (43)-(52) have been obtained 
under the assumption of the validity of the HRR asymptotic field (J domi­
nance). In this section we outline some attempts to eliminate this restriction 
by constructing caustics based on a full-fie ld plane stress numerical calcu­
lation (see Narasimhan a nd Rosakis [62) and Zehnder, Rosakis, and Nara­
simhan [63)) . 

The numerical calculations modeled a semi-infinite crack under Mode-I 
plane stress small scale yielding conditions . The displacements of the sin­
gular, elastic crack-tip fie ld , u = K 1 (r/2TI) 112 u (8), were specified on a cir­
cular radius of approx imate ly 3,400 times the smallest element. The maxi­
mum extent of the plastic zone was contained with in 1/30 of this radius, 
ensuring sma ll scale yielding conditions . An incremental 12 plasticity theory 
was used. The material obeyed the Huber-von Mises yield criterion and 
fo llowed a piecewise power-hardening law in uniaxial tension of the form 

with hardening exponents 11 = 5, 9 , oo . The investigation concentrates on 
the results for 11 = 9 since this matches the 4340 steel used in experiments 
to be described later. All plasticity was confined to the "active region, " 
consisting of 1,704 four-noded isoparametric quadrila terals. After the e le­
ment nearest the crack-tip has yielded , the load, applied through the stress 
intensity factor K, , or equivalently through J (J = Ky/£) for small scale 
yie ld ing) , was increased monotonically until the extend of the plastic zone 
ahead of the crack-tip was 50 x the smallest element size. For the propa­
gation phase of this study a nodal release procedure was used to grow the 
crack by 20 elements. A number of crack growth histories were studied cor­
responding to different values of Paris's tearing modulus T = (Elcr5)(dJ!da) 
of 0, I , 5 , 15 , 20. In the next section some of the results of the numerical 
analysis pertaining to the synthetic construction of caustic curves are sum­
marized. 
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A.6.4 Stationary Cracks 

The maximum radial extend r" of the numerically obtained plastic zone was 
in good agreement with experimenta l measurements performed on thin com­
pact tension specimens of 4340 steel, restricted to small scale yielding con­
ditions (see Fig. 10 . 19). The value of r" was found to be 0.25(K/a0)2. Direct 
comparison of the full-field-stress and deformation fields with their asymp­
totic , HRR counterparts revealed good agreement for x 1 < 0.3r", thus estab­
lishing the range of dominance of the asymptotic solution. On the other 
hand , the numerically obtained field quantities were shown to approach the 
elastic K1 field only well outside the plastic zone , i.e. , for x 1 > I.Sr/I. If the 
initial curve satisfies the first of these restrictions , it can be expected that 
caustics can be interpreted on the basis of Eq . (51). On the other hand, if 
the second restriction is satisfied, the elastic analysis of caustics is sufficient 
and Eq . (27) can be used for the evaluation of K 1• 

To provide a means of analyzing caustics that is neither dependent on the 
assumption of K 1 of ]-dominance caustic patterns were generated using the 
result s of the finite element analysis. The out-of-plane surface displacements 
were smoothed using a least-squares scheme and caustics were generated by 
mapping light rays point by point using Eq . (10) (tis = u3). For a fixed value 
of applied load (far-field K, level) a series of caustics was generated corre­
sponding to different values of z0 • As discussed in deta il earlier, variation in 
z0 results in initial curves of different sizes and allows for the complete scan­
ning of the near-tip region. The caustics are shown in Fig. I 0.20 for values 
of rofr,, ranging from 0.19 to 1.3 . It is seen that for rofr" = 0.19 , the numeri­
cally simulated caustic agrees in shape with the caustic predicted using the 
HRR field . On the other extreme , when rofrv = 1.3 , the numerically simu­
lated caustic. Figure I 0.20(f) exhibits the epicycloidal shape of the caustic 

X2 
.. ... .. . ...... ~": ~~~ :. :.:.· ...... . 

·.·:._;_.;_ .. :_~\. ....... . 

(a) 

... ... , .. , 

))~ 
4" • ' ... ... 

(b) 

Figure 10.19. Plastic zones for a monotonically loaded stationary crack (a) numer­
ical , (b) experimental. 
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a) ro ~ 0.19 
Tp 

d) ro ~ 0.42 
r,, 

b) ro ~ 0.30 
Tp 

ro 
e) - ~ 0.51 

Tp 

Figure 10.20. Caustics generated by using the out-of-plane displacements calcu­
lated from the numerical model. An example of the numerically generated out-of­
plane displacement field is also shown. 

obtained using the elastic K1 field. In the region between r1/r,, = 0.19 and 1.3 
there is a transition from the "HRR-like" caustic to the "elastic" caustic. 

Figure I 0.2 I is a sequence of photographs of caustics obtained from the 
tensile loading of a thin compact tension specimen of 4340 carbon steel. The 
experimental details, specimen dimensions, etc. are described by Zehnder, 
Rosakis , and Narasimhan [63). On comparing Figs. 10.20 and 10 .21, it is 
seen that in both cases there is a transition from an HRR caustic to an elastic 
caustic as rr/r,, goes from 0.19 to 1.3. It is found that both the numerical and 
experimental caustics retain the shape predicted by the r - 112 field even for 
rr/r,, as small as 1.0. Thus, the effect of the plastic zone on the caustic mea­
surement cannot be judged by mere observation of the caustic shape. The 
reason for the invariance in shape is explained in detail by Zehnder, Rosakis , 
and Narasimhan [63) . The effect of plasticity on the interpretation of caus­
tics obtained when the initial curve lies outside the plastic zone is also dis­
cussed in the same reference. 

The numerically generaged caustics were also used to establish the rela­
tionship between the caustic diameter D and the value of applied J for the 
two-dimensional , small scale yielding problem. This relationship is shown in 
Fig. I 0.22 in a nondimensional form. A very small abscissa value in this 
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d) ro ~ 0.52 
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ro e) - ~ 0.70 
Tp 

c) ro ~ 0.45 
Tp 

f) ro ~ 1.4 
Tp 

Figure 10.21. Sequence of caustics obtained for reflect ion of light from regions near 
a plasticall y deforming crack-tip. 
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Figure 10.22. Relationsh ip between caustic diameter and the J integral from 2D 
analyses. 
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figure (large z0 or small J) implies that the initial curve is far away from the 
tip. A large abscissa value implies that the curve is far away from the tip. A 
large abscissa value implies that the curve is very near the tip, probably 
within the range of dominance of the HRR field. The solid line in the figure 
represents the variation of the caustic size in the Krdominated region , by 
Eq. (27) , with v = 0.3. The dashed line gives the relationship for caustics 
generaged from the HRR-dominated region (J dominance). As can be ob­
served from this figure, the full-field numerical results approach the elastic 
relation (27) for small abscissa values and the relation (51) obtained from 
the HRR solution for large values of the abscissa. In the intermediate re­
gion there is a transition from one relation to the other. The error bars in 
the figure indicate the uncertainty in the caustic diameter due to the finite­
element discretization. 

A.6.5 Growing Cracks 

The numerical calculations were also used to simulate slow crack growth 
under plane stress conditions. For the specific case of an elastic-plastic 
power-hardening solid with a hardening exponent n = 9, the calculated out­
of-plane displacements are used to construct caustics for the initial phases 
of crack growth. An example of the resulting caustic shapes is shown in Fig. 
10.23. Figure I0.23(a) displays a caustic corresponding to an initial curve 
well within the crack-tip plastic zone of a stationary crack (r0/r" - 0.1). As 
expected, the caustic shape is similar to the one calculated on the basis of 
the HRR analysis. 

(a) Crack Line 

--i-----=-::!----- --

I 
X2 

(bJ Crack Line 

Figure 10.23. Numerical caustics from plane stress elastic-plastic analysis. Caustic 
(a) before crack growth and (b) after crack growth. 
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Figure I0 .23(b) displays the caustic corresponding to an increment of 
crack length equal to 2/5 of the initial plastic zone size . During crack growth , 
the value of applied J was kept constant, or T = (EIIT~)(dllda) = 0. It is 
interest ing to observe that the diamete r of the caustic curve surrounding the 
new location of the crack-tip is smaller than that of the stationary crack of 
Fig . I0.23(a). This is true since the strain singula rity at the tip of a propa­
gating crack is weaker than that for a stat iona ry crack. As the crack propa­
gates, there is residual plastic deformation surrounding the initia l locat ion of 
the crack-tip and a wake of plastic strai ns a long the newly created fracture 
surface s . These plastic strains and the resulting residual out-of-plane dis­
placements are responsible for the residual caustic seen behind the propa­
gating crack-tip in Fig. I0 .23(b) . 

A.6.6 Concluding Remarks 

Very little experimental work has been done to inves tigate the use of caus­
tics in e lastic-plastic fracture mechanics. Preliminary experiments of thi s 
sort were re ported by Rosakis and Freund [30], Marchand et al. [6 1], Judy 
a nd Sanford [64], and Zehnder, Rosakis , a nd Naras imha n [63) . These ex­
periments investigated the dominance of HRR field s , the effect of plasticity 
on caustics originating fro m the elastic region outside the plastic zone, and 
the extent of the region of three dimensionality at the v ic inity of the crack­
tip. In particular, the effect of three dimensionality, even under small scale 
yielding conditions, sti ll remains obscure a nd provides fertile ground for fur­
ther research. (For pre liminary result s see Narasimhan a nd Rosakis [42) and 
Zehnder a nd Rosakis [65) .) Even for the idealized case of a semi-infinite 
crack in a n infinite plate of thickness h, a nd small scale yielding conditions , 
the interpretation of caust ics generated within the near-tip three-dimensiona l 
zone remains a n open challenge. The complication arises from the fac t that , 
unlike the purely elastic case , at least two length scales (i.e., the plastic zone 
size, rP a nd the specimen thickness h) are involved in the analysis of thi s 
problem. 

For dynamically loaded stationa ry cracks, caustics have been used in 
conjunction with high-speed photography to measure the time hi story of J 
up to crack initiation. This preliminary investigation has been discussed in 
the review article by Rosakis, Zehnder, a nd Narasimhan [41 ). The applica­
tion of caus tics by reflection to the stud y of the dynamic initia tion toughness 
of ductile metals remains one of the most potentiall y rewarding research 
challenges in the field . T he accurate dynamic measurement of J at the in­
stant of crack initiation has remained illu sive and it is believed that only local 
optical measurements will be capable of performing this task accurately 
while s imulta neou sly also furnishing a n accurate measurement of crack ini­
tiation time (for di scuss ion , see Zehnder, Rosakis, and Krishnaswamy [66)). 



TECHNIQUES SENSITIVE TO GRADIENTS OF OPTICAL PATH DIFFERENCE 379 

A. 7 Description of Experimental Arrangements 

Some of the mechanical aspects of setting up an experiment using caustics 
are discussed here. Two possible optical setups for the recording of reflected 
caustics are illustrated in Fig. 10.24. The two setups are identical in princi­
ple, but each has distinct advantages for certain types of experimentation. 
The arrangement of Fig. I0.24(a) is useful for experiments in which it is 
desired to photograph caustics corresponding to many z0 values. The ar­
rangement of Fig. I0.24(b) is useful for experiments in which a fixed z0 value 
is used and when short exposure times are desired , such as in dynamic frac­
ture experiments. 

In both setups a parallel beam of light is reflected from the flat, mirrored 
surface of the test specimen. The angle between the light beam and the nor­
mal to the specimen should be minimized to prevent distortions of the re­
sulting caustics. The light source need not be monochromatic, but it must 
come from a point source or its equivalent so that the beam can be colli­
mated . The incident beam can be diverging, parallel or converging; however, 
a parallel beam is the most useful for many applications. 

In Fig. I0.24(a) the image of the caustic is focused onto a translucent 
screen by lens /2• The caustic is then recorded by photographing the screen. 

(a) 

Beam 
expander 

~ '°' '°°""'"' 

~=====:'.'.'.'.'.::============~ Camera 

~ ¼--j Specimen 

(b) 

Figure 10.24. Optical setups for experiments using reflected caustics . (b) Setup for 
experiments in which z0 is varied . (b) Setup for fixed z0 • 



380 EXPERIMENTAL TECHNIQUES IN FRACTURE 

The screen can be made of ground glass or even of paper taped to a clear 
glass or plastic plate. The advantage of this setup is that Zo may be accurately 
determined by measuring b, c, and the focal length f of lens /2• Using these 
values in the thin lens equation, (Iii) + ({lo) = !If one obtains 

cf 
Zo = --f - b. 

C -

The magnification from the plane at x, 

n1 = 
0 

C 

Zo + h 

c - J 
f . 

- z0 to the real screen is 

The measured caustic diameter must be divided by m in the subsequent cal­
culations . To obtain small initial curves , Zo must be small or c large, resulting 
in high magnification. To obtain large z0 's and large initial curves, c must be 
small, resulting in low magnifications. To maintain reasonable magnification 
for large z0's a long focal length /2 should be used. The magnification from 
the screen to the film in the camera is determined by placing a scale on the 
real screen and photographing the scale superposed on the caustic pattern. 

The set up in Fig. 10.24(b) is commonly applied to dynamic fracture ex­
periments in which a fixed z0 value is used. In this arrangement a test grid, 
printed on a glass plate , is placed in the incoming beam at a distance Zo from 
the specimen. The camera is then focused on this grid. In the setup of Fig . 
I0.24(a) light is wasted due to the diffuse screen, and thus relatively long 
exposure times are needed. In the setup of Fig. I0 .24(b) little light is wasted , 
and with sufficient light very short exposure times are possible. For the dy­
namic fracture experiments performed at the California Institute of Tech­
nology, a 15 ns exposure time is achieved with a pulsed argon ion laser at a 
pulsing rate up to 2,000 kHz. The high-speed camera is of the rotating mirror 
type . In photographing caustics one deals only with collimated light and 
specular reflections. Thus the camera of Fig. I0.24(b) (or the equivalent 
high-speed camera) must have an aperature large enough to admit the entire 
light beam and must not obstruct any of the light within the camera. Precise 
alignment of the high-speed camera and the light beam is required. 

A.8 Conclusions (Caustics) 

In this section we have presented the physical principles underlying the op­
tical method of caustics. We also discuss several possible sources of inac­
curacy that may arise in the classical interpretation of caustic patterns. The 
following basic conclusions are reached. 

I. The existence of a near-tip three-dimensional zone excludes the possibil­
ity of interpreting caustic patterns that are obtained from distances 
smaller than one half of the specimen thickness from the crack-tip. 



TECHNIQUES SENSITIVE TO GRADIENTS OF OPTICAL PATH DIFFERENCE 381 

2. For distances from the crack-tip greater than half the specimen thickness, 
where plane stress conditions exist, the classical interpretation of caustic 
patterns is possible only if the surrounding field is strictly K1 dominant 
(well approximated by the r 112 singular term of the plane stress asymptotic 
expansion). 

3. In most transient crack growth events K1 dominance is not generally ob­
served, especially at times close to crack initiation or arrest. This is also 
true in laboratory size specimens where stress waves reflections may 
produce nonuniform stress-intensity factor histories. In such cases a 
truly transient higher-order expansion is necessary for correctly describ­
ing stress fields outside the crack-tip three-dimensional zone. 

4. Under transient crack growth conditions , use of the class ical analysis of 
caustics in the interpretation of the optical patterns may result in errors 
that could exceed 30% in the value of the dynamic stress intensity factor. 

5. A modified analysis of caustics is presented. This analysis is based on a 
higher-order transient elastodynamic expansion at the vicinity of a grow­
ing crack . Preliminary investigations show that this analysis is capable of 
furnishing the correct value of K11(t) even at instances when highly tran­
sient effects dominate. 

6. For stationary cracks in elastic-plastic solids we present an analysis of 
caustics based on the assumption of the existence of a well-established 
HRR field within the crack-tip plastic zone (assumption of J dominance). 

7. We discuss the limitations of the ]-dominant approach and present nu­
merical results that allow for the interpretation of caustics for the case of 
small-scale yielding situations. The effects of three-dimensionality on the 
interpretation of caustic patterns is also discussed briefly. 

8.1 Introduction [The Coherent Gradient Sensing (CGS)] 

In this section we review recent experimental developments related to the 
investigation of crack-tip deformations in transparent and opaque solids us­
ing a new coherent optical technique-coherent gradient sensing (CGS). 
CGS is a full field, lateral shearing interferometric technique with an on-line 
spatial filter. This full field optical method will be demonstrated both in 
transmission and in reflection modes to study deformations in transparent 
as well as opaque solids. Its ability to produce fringes in real time is used 
advantageously to map dynamic crack-tip deformations in PMMA and AISI 
4340 steel specimens. The technique measures either in-plane stress gra­
dients (transmission) or out-of-plane displacement gradients (reflection). 

Presently, several optical methods are being used for measuring surface 
slopes. Incoherent optical techniques such as reflection moire [67] and moire 
[68] deflectometry are commonly used. Among the coherent techniques, de­
focussed laser speckle photography [69], grating shearing interferometry 
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[70), and speckle shearing interferometry [71,72] are some of the examples. 
Many of these methods have been demonstrated with either reflective or 
diffused object surfaces . Also , they typically consist of double exposure pro­
cedure which is a severe limitation for dynamic applications. 

In experimental fracture studies, photoelasticity [73,74], caustics, geo­
metric moire [75], and moire interferometry [76] are some of the methods 
used to measure crack-tip deformations or deformation related quantities 
and hence the stress intensity factor. In these techniques, interpretation of 
the measurements is based on the premise that a K-dominant or a ]-domi­
nant 2D asymptotic field description exists in the vicinity of the crack-tip. 
However, in reality, the situation has not been this simple . Recent studies, 
discussed in part A of ~his chapter, have brought to light the shortcomings 
of such interpretations because of the three-dimensional nature of the crack­
tip deformation and the inadequacy of the purely singular fields to model the 
region outside the three-dimensional zone (lack of Kor J dominance). 

From these experimental and numerical investigations , it has become in­
ceasingly evident that a 2D K-dominant crack-tip field description for gen­
eral specimen configurations should be used cautiously keeping in mind the 
near-tip three dimensionality and possible lack of K dominance. Further­
more, in dynamic loading situations, these complexities are compounded by 
the transient nature of the fracture phenomenon which may inhibit the es­
tablishment of a K1-dominant region (see Sec. A.4 and A.5). In view of the 
above, besides demonstrating the applicability of CGS to static and dynamic 
fracture studies, we will also examine some aspects related to lack of K1 
dominance. The work described in this part will closely parallel the discus­
sions presented in Part A, on caustics. 

In most methods applied to fracture mechanics, one often encounters the 
difficult question of whether the chosen experimental technique provides 
adequate control over the sensitivity of measurement. This becomes rele­
vant because of the wide range of magnitudes of deformation that may occur 
near a crack-tip . Typically, interferometric methods are preferred for the 
measurement of elastic deformations while for larger deformations the re­
sulting fringe density often overwhelms the recording capabilities. As a re­
sult , geometric moire methods are used when large deformations exist. 
However, in fracture studies one often needs a method which can satisfac­
torily perform in both regimes. 

In this section we introduce CGS as a potential tool for measuring in­
plane gradients of out-of-plane surface displacements around a crack tip. 
The method produces high contrast fringes and provides a substantial degree 
of control on the sensitivity of measurement during quasi-static experiments. 
In addition , it involves a simple optical setup and, when compared to other 
interferometric techniques , it is relatively insensitive to vibrations. Finally, 
the insensitivity of this method to rigid body motions is highly attractive for 
solid mechanics applications. 
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CGS employs the basic principles of the so-called " moire deflectometry " 
used widely in a variety of problems by Kafri and his associates [77,78]. 
However, CGS takes advantage of coherent optics by using wave-front di­
vision (by means of high-density Ranchi rulings) and their subsequent inter­
ference. By incorporating an online spatial filtering procedure, one could not 
only realize high contrast fringes in real time, but also use high-density dif­
fraction gratings for the purpose . 

Since CGS fringes are rela ted to either in-plane stress gradients (trans­
mission) or out-of-plane displacement gradients (reflection) , the technique 
can be thought of as the full fi eld equivalent of the optical method of caus­
tics . (For both the transmission and reflection cases.) The sensitivity of the 
method to the same deformation or stress quantities responsible for the for­
mation of caustics provides a unique opportunity of comparison. In partic­
ular, for transient dynamic fracture studies where the accurate interpretation 
of caustics has been questioned (see Sec. A.4), dynamic CGS has allowed 
for the direct investigation of the causes that lead to problems with caustics. 
In addition, the capability of CGS to investigate dynamic fracture problems 
in opaque materials (no severe light limitations resulting from exposure times 
of the order of ns) make this full field technique a strong contestor to caus­
tics. Caustics by reflection have so far been the dominant optical method 
applied to the study of dynamic crack growth problems in opaque structural 
materials. 

In Sec. B.2, we present a diffraction analysis of the method and experi­
mental evidence to demonstrate its applicability for elastostatic and elasto­
dynamic crack-tip deformation studies. Examples include the use of CGS 
for the measurement of dynamic mixed-mode crack-tip fields and the study 
of dynamic crack growth along bi material interfaces. For original references 
on CGS, see Tippur, Krishnaswamy, and Rosakis [79,80] .) 

8.2 Physical Principle of CGS 

Consider a plate specimen of uniform thickness , in the undeformed state. 
Let its middle cross section occupy the x 1, x 2 plane of an orthonormal Carte­
sian coordinate system. The specimen is such that it causes nonuniform spa­
tial gradients in the optical path when light is transmitted through it , or re­
flected from its surface. For solid mechanics applications these gradients are 
deformation related. For transmission of light through a transparent speci­
men the gradients in optical path are related to stress induced gradients in 
refractive index and due to local thickness changes of the specimen. For 
reflection they are related to gradients in nonuniform surface elevations 
(out-of-plane displacements) resulting due to mechanical loading . In solid 
mechanics , both gradients in refractive index and nonuniform thickness 
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changes are related to gradients in the stress state which are induced when 
loads are applied to the boundary of the initially undeformed specimen. 

The purpose of the CGS technique is to provide a simple full field optical 
measurement of gradients in optical path change. Given appropriate stress­
optical and constitutive relations this will allow for the measurement of in­
plane stress gradients (transmission) and out-of-plane displacement gra­
dients . The similarities of the analysis of CGS with the analysis of caustics 
in both the reflection and transmission cases are striking . As a result, many 
of the physical principles presented here in Secs. A.2-A.4 remain relevant 
for the following development. 

B.2.1 The Experimental Arrangement 

The schematic of the experimental setup used for transm1ss1on CGS is 
shown in Fig. I 0.25(a). A transparent, optically isotropic plate specimen is 
illuminated by a collimated bundle of coherent laser light. The transmitted 
object wave is then incident on a pair of high density Ronchi gratings, G 1 

and G2, separated by a distance 11. The field distribution on the G2 plane is 
spatially filtered by the filtering lens L 1 and its frequency content is dis­
played on its back focal plane. By locating a filtering aperture around either 
the ± I diffraction orders, information regarding the stress gradients is ob­
tained on the image plane of the lens L2. 

Figure I0.25(b) shows the modification of the above setup for measuring 
surface deflections of opaque solids when studied in reflection mode. In this 
case, the specularly reflecting object surface is illuminated by a collimated 
beam of laser light using a beam splitter. The reflected beam , as in the pre­
vious case, is processed through the optical arrangement which is identical 
to the one shown in Fig. I0.25(a). 

In the following section, a first-order diffraction analysis is presented to 
demonstrate that the information displayed on the image plane indeed cor­
responds to gradients of in-plane stress and gradients of out-of-plane dis­
placement. 

Figure 10.26 explains the working principle of the method of CGS in two 
dimensions. For the sake of simplicity, and without losing generality, the line 
gratings are assumed to have a sinusoidal transmittance. Let the gratings G 1 

and G2 have their rulings parallel to, say, the x 1 axis. A plane wave trans­
mitted through or reflected from an undeformed specimen and propagating 
along the optical axis, is diffracted into three plane wave fronts £ 0, £ 1, and 
E _ 1 by the first grating G1• The magnitude of the angle between the propa­
gation directions of £ 0 and £ ± 1 is given by the diffraction equation 8 = sin - 1 

('A.Ip), where 'A. is the wavelength and p is the grating pitch. Upon incidence 
on the second grating G2, the wave fronts are further diffracted into £ 0 _0 , 

£ 0_1, E1. - 1, £ 1_0 , £ 1_1, etc. These wave fronts which are propagating in dis-
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Collimaled 
Laser Beam ~ 

{a) 

Figure 10.25. Schematic of the experiment setup for (a) transmission CGS , (b) re­
lection CGS . 

tinctly different directions, are then brought to focus at spatially separated 
diffraction spots on the back focal plane of the filtering lens. The spacing 
between these diffraction spots is directly proportional to sine or inversely 
proportional to the grating pitch p. 

Now, consider a plane wave normally incident on a deformed specimen 
surface. The resulting transmitted or reflected wave front will be distorted 
either due to changes of refractive index or due to surface deformations. 
This object wave front that is incident on G 1 now carries information regard­
ing the specimen deformation , and consists of light rays traveling with per-
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' ' 
Incident plane wave ! ! 

' ' ,.___,_____, 
G I -~lane G2-P1ane 

Filtering Lens Filter Plane 

Figure 10.26. Schematic describing the working principle of CGS. 

turbations to their initial direction parallel to the optical ax is . If a large por­
tion of such a bundle of light has rays nearl y para llel to the optical ax is, each 
of the diffraction spots on the focal plane of L 1 will be loca lly surrounded by 
a halo of dispersed light field due to the deflected rays. The extent of thi s 
depends on the nature of the deformations. By using a two-dimensional aper­
ature a t the filtering plane , information existing around one of the spots can 
be further imaged. 

B.2.2 The Governing Equations of CGS 

Consider a specimen whose midplane, in transmission, or surface, in reflec­
tion, occupies the (x 1, x2) plane in the undeformed state. Let e; denote unit 
vector along the x; ax is, (i = 1, 2, 3) (see Fig. 10.27) . When the specimen is 
undeformed , the unit object wave propagat ion vector (vector normal to the 
refracted or reflected wave front) is d0 = e3. After deformation , the propa­
gation vector is perturbed and can be expressed by 

(54) 

where cx(x 1, x 2), ~(x 1, x2), and -y(x 1, x2) denote the direction cosines of the 
perturbed wave front. This upon incidence on G 1, whose principal direc tion 
is parallel to, say, the x 2 ax is, is sp lit into three wave fronts propagat ing along 
d0 , d ± 1 and whose amplitudes £ 0(x') , E ± 1 (x') can be represented by 

Eo(x') = a0 exp(ikd 0 • x'), (55) 

£ ± 1 (x') = a ± 1 exp(ikd ± 1 • x') , 

where a0 and a ± 1 are constants and k = 2-rrlA is the wave number. Due to 
diffraction by the sinu soidal grating G 1, the propagation directions of the 
diffracted wave fronts can be related by 

(56) 
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Figure 10.27. Diffraction of a gene ric ray through the CGS gratings. 

where D ,., 1 are rotation tensors whose matrices of components are given by 

(
I O O ) 

[D ,., 1]u = o cos e ±sine 
0 + Sm 0 COs'8 

and 0 = sin - 1 (X. /p). From Eqs. (56) and (54) we find 

d ,., 1 = [cxe 1 + (13 cos 0 ± -y sin 0)e2 + (-y cos 0 + 13 sin 0)e3] . (57) 

On the plane G2 (x3 = ~) (see Fig. I 0.27) the amplitude distribution of the 
three diffracted wave front s are - -Eol,;~ t. = E0(0'B) = a0 exp(ikd0 • O'B) (58) 

(59) 

= a 1 exp (ik ~ ) , 
(-y cos e - 13 sine 

-a _ 1 exp(ikd _ 1 · O'B' ) E _/O'B ' ) (60) 

a _ 1 exp (i\ ~ ) . 
-y cos e + 13 sin e 

The wave front s E0 , E " 1 will undergo further diffraction upon incidence on 
G2 into secondary wave fronts E iO.oJ, E ro. I>• E 11. - i>, E11.oJ , E 11. 1>, etc. Of these 
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secondary diffractions £!0. 11 and £( 1.oi have their propagation direc tion along 
d 1, £(0_- 11 and £( - 1.oi along d _ 1 and £(0.oi, £ ( - 1. 11, and £ 11 __ 11 , along d0 (Fig. 
10.26). If information is spatia lly filtered by blocking a ll but ± I diffraction 
order, only the wave fronts £!0. "' 11 and £ 1"' 1.oi contribute to the formation of 
the image. Noting that the two wave front s do not acquire any additional 
relative phase differences after G2, the amplitude di stribution on the image 
plane is 

(61) 

( 
Li ) + a + 1 exp ik . 

- (-y cos 0 + ~ sm 0) 

Hence , the intensity distribution on the image place is, 

(62) 

2 [k
" (-y(cos 0 - I) +~ sin 0)] + a O a + 1 cos u . , 

- -y(-y cos 0 + ~ sm 0) 

where E:01 is the complex conjugate of Eim· Under small 0 approximation , the 
above equation simplifies to 

_ 2 2 (kii~0 ) /im - a0 + a ± 1 + 2a0a ± 1 cos i · (63) 

Thus, /im denotes an intensity variation on the image plane whose maxima 
occur when 

~ np 
or-= -

'Y2 Li , n = 0, ±I, ± 2, ... , (64) 

where n denotes fringe orders. (Recall tha t 0 - X. /p, k = 2TI/X. .) Similarly, 
when the principal direction of the grating is para llel to the x 1 axis, it can be 
shown that 

kiia0 
2mTI 

a 
or­

'Y2 

mp 

Li 
m = 0, ± I , ± 2, . ... (65) 

Equations (64) and (65) are the governing equations for the method of CGS 
and they relate fringe orders to the direction cosines of the object wave front. 
It is clear from the above two equations that the sensitivity of the method 
could be increased by either increasing the grating separation di stance Li or 
decreasing the grating pitch p . As di scussed extensively by Bruck and Ro­
saki s, an increase of the ratio Li/p eventually results in a violation of the small 
angle approximation implicit in the above analysis. Their work discusses the 
limitations and advantages of the above formulation and it presents an alter­
native analysis based on " physical " theories of optics. It is demonstrated 
that CGS strictly represent contours of finite differences in optical path . 
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These finite differences result by the " shearing" effect that the two gratings 
have on a diffracted wavefront which is split into two parts, displaced by an 
amount proportional to !::, Ip relative to each other, and recombined. The rel­
ative displacement is in the direction perpendicular to the lines of the grat­
ing. The finite differences actually reduce to derivatives in optical path as 
t:,/p is decreased and the approximations of the above analysis become 
valid . 

8.3 Relation Between Direction Cosines or Refracted or 
Reflected Wave Fronts and Deformation State 

We now relate the direction cosines of the object wave front to deformation 
quantities of interest for both transmission and reflection cases. The discus­
sion bares strong similarities to that in Sec . A.3 on caustics. 

B.3.1 CGS by Transmission 

Consider a planar wave front incident normal to an optically and mechani­
cally isotropic , transparent plate' of initial uniform nominal thickness h and 
reflective index n. If the plate is deformed , the transmitted wave front will 
be expressed as S(x 1, x 2, x3) = x 3 + !::,s(x 1, x 2) = canst., where !::,sis the 
optical path change acquired during refraction. 

As discussed in detail in Sec. A.3, in relation to caustics , for a homoge­
neous isotropic , linear elastic material, !::,s will be given the elasto-optical 
equation 

!::,s = 2h ( D 1 - i (n - I)) {12 

{(0"11 + 0"22) (66) 

where 

vD 1 + v(n - 1)/E 

D 1 - v(n-1)/E 
D, 

£ and v are Young 's modulus and Poisson 's ratio of the material, respec­
tively, n is the refractive index of the undeformed material, and D 1 is the 
coefficient of the stress optical law. The above equation is written in such a 
way that the term in parentheses represents the degree of plane strain. [For 
a plot of CT3/ v(CT 11 + CT 22) for a crack see Fig. 10.9.] When generalized plane 
stress is a good approximation, this term can be neglected and Eq. (66) re­
duces to 

(67) 
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V 
where c" = D 1 - - (n - I) and & 11 and 6-22 are thickness averages of stress 

E 
components of the material. Using these , the propagation vector for a per­
turbed wave front can be expressed as 

(68) 

for 1~(11s)l2 << I and where S(x1, x 2, x 3) = x 3 + tls(x 1, x 2) = const. Using 
Eq. (67) in Eq. (68), we can obtain the direction cosines of the propagation 
vector. Thus , using Eqs. (64) and (65) for plane stress conditions , the fringes 
can be related to the gradients of (6- 11 + 6-22) as follows: 

c h a(&11 + 6-22) = mp 
<r axl Cl , 

m = 0, ± l , ± 2, ... , (69) 

C h a(&11 + 0"22) = np 
er ax2 11 , 

n = 0, ± l, ± 2, ... , (70) 

B.3.2 CGS by Reflection 

Consider a specimen whose specularely reflective and flat surface occupies 
the (x 1, x2) plane in the undeformed state (Fig. 10.27). Upon deformation , 
the reflector can be expressed as 

(71) 

where u3 is the out-of-plane displacement component on the specimen sur­
face. The unit surface normal N at a generic point (x 1, x2) is given by 

(72) 

I + ut1 + ut2 

where u3.a denotes in-plane gradient components. Consider now, a plane 
wave which is incident on the specimen along the - x 3 direction. Let d0 be 
the unit vector along the reflected ray whose direction cosines are a , 13 , and 
'Y · From the law of reflection , the coplanar unit vectors d0 , N, and e3 are 
related by d0· N = e3• N (see Fig. 10.27). This leads to 

(73) 
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By substituting Eq . (72) in (73) , 

2(u1e1 + ll_2e2 + e3) 
- e3. 

(I + l/21 + l/22) 

(74) 

Thus, the direction cosines of d0 can be related to the in-place surface gra­
dients of u3 by 

2U3_1 
(X = ---,~~-,- , 

I + lli.1 + Ui.2 I + uj_ 1 + ut 2 

(75) 

(I - uL - uL) 
-y = 

(I + Lij_ 1 + uL) 

Using the above equations (64) and (65) , and assuming lv'ul << I , we get 

au3 (';:) 0, ± I , ±2, ... , (76) - = ,n = 
axl 

au3 (;~) , '\ 
- = n = 0, ± I, ±2, ... , (77) 
ax2 

where the facts that 8 ~ (Alp) and k = 2-rrlA are made use of. For an isotro­
pic , linear e lastic solid the out-of-plane displacement field u3 can be ex­
pressed as follows (see Sec. A.3): 

(78) 

vh (
112 

[ ( - E Jo (cr11 + CT22) I 

In the above , the second term in the large parentheses represents the degree 
of plane strai n and when plane stress is a good approx imation, it can be 
neglected . Thus , the above equation reduces to 

vh 
l/ 3 = - -(6-11 + 6-,,). 

2£ --
(79) 

Hence Eqs . (76) and (77) for plane stress deformations can be expressed as 

au3 = vh a(&11 + 6-22) (mp) m = 0, ± I, ± 2, . .. , (80) = 
axl 2£ axl 2Li ' 

au3 vh a(6- 11 + 6-22) (;~), 0, ± I , ±2, ... , (81) 
2£ 

n -
ax2 ax2 
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F,. 10 28 F · · a11 , a11 -igure . . nnge patterns represe nting contours of constant (a) -:--", (b) ~-
dx , dx , 

Material: Aluminum. 

Figures I0.28(a) and I0.28(b) shows two CGS interferograms obtained by 
reflection of light from the near-tip region of an aluminum specimen contain­
ing a Mode-I crack. The specimen is loaded quasistatically. The contours in 
Fig. I0.28(a) are contours of equa l au/ ax 1 [see Eq. (76)] . The coutours of 
Fig. I0 .28(b) are contours of equal au/ ax" [see Eq. (77)]. In this particular 
case there is visual evidence of pl astic deformation near the crack-tip (sur­
face roughening near the crack-tip) . As a result , the linearity assumption that 
led from Eqs . (76) and (77) to (80) and (81) is not necessarily valid every­
where and these displacement gradient contours cannot be related to the 
stress field unless an appropriate , elastic-plastic, constitutive law is utilized. 

B.3.3 Three-Dimensional Effects 

As is evident from the previous section, the expressions for the optical path 
change, Lis , [Eqs. (66) and (78)] involve the ratio cr3/ v(cr 11 + cr22). As dis­
cussed extensively in Sec. A .3, in relation to caustics, this ratio , called the 
plane strain constant , is a measure of three dimensiona lity. Figure 10.9 
shows the plane strain constant in the vicinity of a dynamically loaded sta­
tionary crack in a linearly elastic homogeneous isotropic solid . As evident 
from this figure, the ratio cr3/ v(cr 11 + cr22) is small compared to unity only at 
distances from the crack-tip larger than half the specimen thickness, where 
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plane stress conditions seem to dominate. It is only in such regions that Eqs. 
(66) and (78) reduce to Eqs. (69) and (70) and Eqs. (80) and (81 ), respectively. 
This restriction should always be born in mind and is ent ire ly analogous to 
the restriction on " initial curve" size which is required for a plane stress 
interpretation of caustic curves . (See Sec . A.3.) 

In practical applications of the technique, only fringes outside the three­
dimensional zone shou ld be analyzed. Since this is a variable sensitivity 
method (for a fixed p , sensitivity is increased if the spacing between grat­
ings, ti , is increased), this can be achieved by choosing a ratio t:,./p such that 
enough experimental data are obtained outside the near-tip three-dimen­
sional zone (r 2: 0.Sh). 

B.4 CGS Analysis Based on Plane Stress Asymptotic Crack­
Tip Fields in Linear Elastostatics and Elastodynamics 

B.4.1 Analysis of CGS Patterns on the Basis of KY Dominance 

Consider a Mode-I crack propagating dynamically in a thin plate composed 
of a homogeneous isotropic , linear e lastic solid. The crack-tip velocity and 
the dynamic stress intensity factor are both allowed to be arbitrary functions 
of time . If a generalized plane stress assumption is made , then the thickness 
averages of the stresses at the vic inity of the propagating crack a re asymp­
totically proportional to r - 112 , where r is the distance from the propagating 
crack-tip. In particular, the thickness average of the first stress invarient 6- 11 

+ 6-22 which is of relevance in both CGS and caustics is asymptotically given 
by Eq. (22) in Sec. A.4. Stat ionary cracks in linear elastic solid s are a special 
case corresponding to v = 0. 

The situation in which the near-tip stresses are square-root singular and 
thus Eq. (22) provides an adequate representation of the first stress invarient 
at some annular region surrounding the crack-tip is called one of K,' domi­
nance. The limitations of the assumption of K1 dominance are extensively 
discussed in Sec. A.4 of this chapter. 

For the sake of analyzing CGS fringe patterns and in view of Eqs. (69), 
(70), (80), and (81) let us now define the quantities Y'/(r1, 01, t) and Yi(r,, 01, 

t), related to the x 1 and x 2 partial derivatives of 6- 11 + 6-22 as fo llows: 

(82) 

2~ x---------'-------
F(v)[o 1"' cos (30/2) + 02"' sin (30/2)] 

where F(v),r1, 01 are defined in Eq. (22) and o"'~ is the Kronecker delta and 
o:, 13 have the range {I ,2} . Y~(r,, 01) are constructed by normalizing the actual 
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x 1 and x 2 gradients of 6- 11 + 6-22 , as measured by CGS, by the same gradient s 
corresponding to the asymptotic field of Eq. (22) divided by the stress inten­
sity factor. In time instants such tha t K1 dominance preva il s [i.e ., times such 
that there exist regions near the crack-tip where Eq. (22) describes the stress 
field], Y~(r1, 01) are both equal to K1(t) , for any choice of r1 and 01 within the 
region of K1 dominance. At time instants during crack growth such that K1 
dominance fails (K1-dominant region vanishes) , Y~(r1, 01, t) are not in genera l 
constant but rather are expected to be functions of position. 

For situations of K1 dominance , Eq . (82) can be used to estimate the 
stress intensity factor from CGS fringes by observing that use of Eqs. (69), 
(70), (80) , and (81) results in the following relation s for K1(!): 

Kt(!) = Y~ (r1, 01, I), 

where 

/. 2-v'27r,-JC <aP I 

I:,. chF(v)[o la cos (30/ 2) + 02u sin (30 / 2)] 

{
m for a = I, 111 = 0, ± I , ± 2, . . . 
n for a = 2, n = 0, ± I , ± 2, . . . 

and 

_ {D 1 - v/E(n - I) = c., for transmi ss ion 
c - - vi E for reflection · 

(83) 

The right-hand side of Eq . (83) can be experimentally measured from a 
CGS inte rferogram. I:,. and p, c, and h are constants related to the experi­
mental setup material and specimen . Also , if v(t) is known, r1, 01 can be 
computed from the position (r, 0) of any point within the Ki-dominant region 
while m or n are fringe orders. 

Figures I0.29(a) and I0.29(b) , shows two CGS interferograms obtained 
by transmi ss ion of light from the near-tip region in a PMMA three-point­
bend specimen containing a crack (for detail s, see Tippur, Krishnaswamy, 
and Rosaki s (80]). The specimen is loaded symmetrically and the load is 
applied quas istatica lly. The contours in Fig. I 0.29(a) are proportional to 
a(& 11 + &22)/ax 1 where x 1 is along the crack line. T he contours in Fig. I0.29(b) 
are proportional to a(& 11 + &22)/ax2• In both figures, the superposed line de­
notes the theoretical CGS fringes expected if K1 dominance , for v = 0 , 
holds. Indeed , for thi s case the agreement is good suggesting validity of thi s 
assumption. In the next section, we will di scuss a systemat ic way of exam­
ining K1 dominance under both quasistatic and dynamic conditions. For the 
case of lack of K1 dominance , we will suggest ways of measuring K11(t) 
through an analysis based on a transient high-order expansion. 

J 
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Figure 10.29. Near-tip fringe patterns representing contours of constant (a) 
cJ(d- 11 + 6-22)/ax 1, (b) cJ(d- 11 + 6-22)/ax2• 

B.4.2 Experimental Investigation of Kf-Dominance 

The question of K1 dominance has been investigated in detail by Tippur, 
Krishnaswamy, and Rosakis [80], Krishnaswamy, Tippur, and Rosakis [48], 
and by Freund and Rosakis [46] for both the quasistatic and dynamic cases 
by using the method of CGS. Here we present a summary of their results 
and we choose to emphasize points related to our discussion of Secs. A.4 
and A.5 pertaining to the interpretability of optical caustics generated during 
transient crack growth. Our goal is not only to observe situations of lack of 
K,' dominance but to also examine the nature of the near-tip field when this 
assumption fails. Our specific aim is to verify the hypothesis made in Sec. 
A.5, regarding the validity of a higher-order transient elastodynamic expan­
sion for the near-tip deformation field. We begin our experimental investi­
gation of this phenomenon by considering a set of experiments performed 
on precracked PMMA and 4340 steel specimens in both transmission and 
reflection modes. 

The specimen geometry was of the three-point-bend type. The nominal 
specimen dimensions were length 2/ = 30.4 cm, width w = 12.7 cm and 
thickness h = I cm. A band saw, approximately 0.75 mm thick, was used 
to cut an initial notch of length a = 25 mm in these specimens. In the trans­
mission mode, no further specimen preparation was needed. In the reflec­
tion mode, an aluminum coating was applied to the PMMA specimen surface 
through a vacuum deposition technique in order to make it reflective. The 
4340 carbon steel specimens were lapped so that their surfaces became op­
tically flat. Then they were polished by diamond paste to a mirror finish. An 
aluminum coating was also applied to increase the reflectivity. 
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The specimens were loaded in a three-point-bending configuration. The 
loading device used to dynamically load the specimens was the Dynatup 
81 00A drop-weight tower. The experimental configuration is such that the 
crack is under Mode-I loading conditions. 

A rotating-mirror type high-speed camera set-up was used to obtain a 
sequence of dynamic CGS interferograms. A Spectra Physics (model 166) 
argon-ion pulse laser (output power 2 Wat A = 514 nm in continuous wave 
mode) was used as the light source. The laser beam was expanded and col­
limated to obtain a beam 50 mm in diameter which was centered on the initial 
notch tip of the specimen. The transmitted or reflected object wave front 
was then processed through a pair of line gratings of density 40 lines/mm 
with a separation distance Ll = 30 mm. The gratings were oriented with their 
principal direction parallel to the crack line in order to obtain the x 1-gradient 
information of the crack-tip fields. The resulting diffraction wave fronts were 
then collected, filtered , and imaged onto a rotating-mirror high-speed cam­
era through a series of lenses. The pulsing circuit of the laser was set to give 
50 ns exposure every 7-10 µs for a total of I ms from the time of an input 
trigger which wsa synchronized to the moment of impact of the drop-weight 
with the specimen. 

Figure 10.30. Sequence of transmission CGS x , gradient fringe patterns for a dy­
namically propagating crack in PMMA specimen. 

I 



TECHNIQUES SENSITIVE TO GRADIENTS OF OPTICAL PATH DIFFERENCE 397 

Figure I 0.30 shows a representative sequence of CGS (transmission 
mode) interferograms for the case of a dynamically propagating crack in a 
PMMA specimen. Figure 10.31 shows the CGS pattern corresponding to a 
time of 20 µs after initiation. 

It was found that the crack propagated with an essentially constant ve­
locity of about 0.3 the shear wave speed of the materia l. These fringe pat­
terns correspond to the case when the diffraction gratings were oriented with 

Figure 10.31. Transmission CGS x,-gradient pattern (enlarged) corresponding to 20 
µs after crack initiation in PMMA specimen. 
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their principal directions para llel to the x 1 axis. Thus, the fringes surrounding 
the crack-tip at each instant of time represent the x 1 gradient of (6- 11 + 6-22). 

The fringe patterns were digiti zed for analysis to get fringe order (m) and 
location (r1,01) with respect to the crack-tip at each instant in time . The quan­
tity Y11(r1,01,t), defined in Eq. (82), can now be plotted from the experimental 
data obtained from each CGS interferogram. If the field is K1 dominant 
Y1(r1,01,t) should be a constant V(r,0) and equal to Ki. 

Figure 10.32 shows a typical plot of Y,' against normalized radial distance 
(r/h) for one particular specimen for a time instant a few microseconds after 
crack initiation. For different radial lines 01 = 0°, 15°, 30°, 45°, 105°, 120°, 
and I 35° around the propagating crack-tip. 

The crack-tip velocity at that time is approximately 300 mis . As is appar­
ent from the figure, there appears to be no region around the crack-tip over 
which the function Yj' is constant. Indeed the spread in Y'{ values from dif­
ferent locations is as much as 400%. Obviously, extraction of the dynamic 
stress intensity factor value cannot be based here on a simplistic assumption 
of near-tip K1 dominance , see Eq. (83) for K,'(t). One other interesting point 
must be made. The instantaneous crack length a to plate width w ratio at 
the time shown in Fig. 10.32 was a/w = 0.2. The immediate question that 
a rises is : would there be a region of static K, dominance around a stationary 
crack of the same length in a statically loaded specimen of the same geom­
etry? The answer is provided in Fig. 10 .33, which shows a plot of the static 
counterparts of the quantities plotted in Fig. I 0.32 for the case of a specimen 
with a/w = 0.2 in an identica l specimen to the one tested dynamically. / 
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Figure 10.32. Radial variation of Y'/(r" 01) a long various 01 for a dynamically propa­
gating crack in PMMA specimen corresponding to 20 µ,s from crack initiation when 
crack length to plate width ration is a/w = 0.2. 
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Figure 10.33. Radial variation of Y,'"' '' (r, 0) along various 0 for a statically loaded 
crack in PMMA specimen with crack-length-to-plate-width ratio alw = 0.2. 

In the region (r/h) < 0.5, n•alic does not seem to be constant and thus the 
field in this region does not appear to be K, dominant. This is consistent with 
other experimental investigations using caustics wherein such deviation has 
been attributed to near-tip three dimensionality (see Sec. A.3, Figs. 10.9 and 
10.10). Outside this three-dimensional region, however, there appears to be 
a sizeable region of constant Y\'"'ic in the range 0.5 :s: (r/h) :s: 1.25. Further, 
the constant value of Y]"''ic in this range is in good agreement with the static 
stress intensity factor .KJ0 as obtained from boundary load measurements. 
This is a clear indication that even though a stationary crack might exhibit 
a sizeable region of K, dominance under static loading conditions, there 
might be no corresponding region of K1 dominance when a crack of the same 
instantaneous length is propagating dynamically in an identical specimen 
subjected to dynamic loading. 

It should be noted at this point that the reflection experiments performed 
in PMMA and 4340 steel, reported by Krishnaswamy, Tippur, and Rosakis 
[48] corroborate the above conclusions. The results are entirely analogous. 

The observed lack of dynamic Ki dominance outside the near-tip three­
dimensional region using CGS is consistent with the observations of lack of 
K1 dominance reported in Sec. A.5 observed by means of bifocal caustics 
[36,37] (see Fig. 10.15). 

In the next section we provide an explanation of Y1(r1,01) values presented 
in Fig. I 0.32. Our goal is to demonstrate that the observed spread in Y1 
values is governed by the specific structure of the transient stress field near 
the crack-tip and is not due to random experimental error. Consistent with 
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our discussion of Sec. A.6 on caustics, we investigate the interpretation of 
dynamic CGS fringes on the basis of a transient higher-order expansion. 

B.5 Interpretation of CGS on the Basis of a Higher-Order 
Transient Elastodynamic Analysis 

While dynamic caustic patterns have traditionally been analyzed under the 
often unverified assumption of K\1 dominance (see discussion in Secs. A.4 
and A.5) the use of higher-order terms has been the recent practice in the 
method of dynamic photoelasticity (for details see contribution to this vol­
ume by Chona). However, all available higher-order elastodynamic solutions 
thus far have been for the case of steadily propagating cracks and the appli­
cability of such solutions to highly transient problems may be questioned. 
Indeed, the main criticism of this approach has been that such a procedure 
may result in inappropriate time averaging of field quantities. Nonetheless , 
use of a higher-order steady-state expansion in the analysis of optical data 
is bound to be an improvement over the assumption of strict Kidominance. 

In the following, we will relax the assumptions of near-tip K1 dominance 
and steady-state crack propagation. We will show that if these assumptions 
fail, that the experimentally obtained transmission and reflection mode CGS 
interferograms can be successfully interpreted on the basis of a transient , 
higher-order stress field for a propagating crack that has become available 
recently (Freund and Rosakis [46], Rosakis, Liu, and Freund [47].) This pro­
cedure allows for the accurate measurement of Ki(t) even in the presence of 
highly transient crack growth events . 

B.5.1 Transient Higher-Order Fields 

Freund and Rosakis have extended the earlier interior asymptotic solution 
of Freund and Clifton to provide a higher-order description of the transient 
stress state at the vicinity of a dynamically propagating crack. The most 
general form of this expansion corresponding to nonuniform crack velocities 
and stress intensity factor histories was briefly discussed here in Sec. A.5. 
For the purpose of the constant velocity CGS experiments discussed in this 
section, we present a specialization of their results for the case of constant 
crack-tip speeds. 

Although crack-tip velocity is kept constant , the following expression is 
still a transient result since the coefficients of the six terms presented are 
arbitrary functions of time. Moreover, the coefficients of the higher-order 
terms of this expansion involve first and second time derivatives of coeffi­
cients of lower order terms. The steady-state higher-order expansion utilized 
by Dally, Fourney, and Irwin [52] is contained in this result as a special case . 

I 
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According to Freund and Rosakis [46], the thickness averages of the first 
stress invarient under plane stress conditions is given up to six terms, by 
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and p is the mass density of the material. Although the above expression is 
for the special case of constant crack ve locity, the coefficients A" in the 
above transient field are a llowed to be time varying as opposed to the 
steady-state approximation where the corresponding coefficients must be 
constant. Note also that the spatial variation of the terms associated with 
coefficients A" are only identical to the ones that would be obtained from a 
higher-order steady-state analysis with Ao(!) being proportional to the dy­
namic stress intensity factor and so on . Furthermore, it is seen that the 
higher-order transient expression contains additional terms whose coeffi­
cients depend on time derivatives of lower-order coefficients. As a result, 
the net spatial variation shown in the above expression (even for v - 0) is 
different than the steady-state higher-order expansion used by Da ll y, Four­
ney, and Irwin. An illustration of the interdependence of the coefficients of 
higher- and lower-order terms is provided if one observes that D 1 (A 0) is 
proportional to the first time derivative of the stress intensity factor history, 
since 

4 K1(!) ( ! +an 
- ---
3 n-vh [ 4a _, a 1 - ( I + a ~)2] 

Transmission Mode. Subst ituting the transient field given in Eq. (84) in to 
the x 1-gradient transmission mode fringe Eq . (69), and using Eq. (82), we get 
an expression for Y'((r1,01, l) of the form 

Y11(r1, 01, !) = (
mp) 1 2\/h rJl2 

Li F(v) c(J'h cos(30/2) 
(85) 

I 
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' 

where K1, the dynamic stress intensity factor , as well as 132 •. . 138 are time­
dependent coefficients to be determined . Under K1 dominance , Y'{ would 
have been a constant for every (r1,01), and would be equal to the instanta­
neous stress intensity factor K1. if s ignificant higher-order transient terms 
exist, then the variation of Y'{ would be given by the right-hand side of Eq. 
(85) , which for simplicity wi ll be denoted by G'{(r1,01; K1, 132, •.. , 138). 

A least-squares procedure analogous to the one described by Tippur, 
Krishnaswamy, and Rosakis was used to fit the above function G'( to the 

J 
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experimental data Y'( obtained from the CGS interferograms. Since Eq. (85) 
is obtained from a two-dimensional analysis , data from the near-tip three­
dimensional region were excluded. The three-dimensional region excluded 
was based on a cut off value for the degree of plane strain (which, strictly, 
should be zero in regions of plane stress) as shown in Fig. 10.9. 

Figure 10.34 shows the results for one particular time instant during crack 
propagation in the specimen . The agreement between the fitted function G'( 
[based on the transient expansion (84) to 0(r2)] and the experimental data in 
Fig . 10.34 is indeed seen to be remarkably good. 

Figure 10.35 conveys a more visual picture of the agreement between the 
transient analysis and the data. Here, a reconstructed fringe pattern from 
the fitted function G'( is shown superposed (as broken lines) on one side of 
the corresponding CGS interferogram . Also shown on the other side as solid 
lines is the reconstructed fringe pattern obtained from a least-squares ana l­
ysis based on the assumption of Ki dominance [equiva lent to using only one 
term in Eq. (84)]. 

The crosses on the left-hand side represent the experimental data ob­
tained from the CGS interferogram. It is seen that the transient analysis 
agrees very well with the experimental data in the range (0.5 <rlh < 2.0 , -
'TT < 0 < 'TT), whereas the Ki-dominance assumption is clearly inadequate. 
This was the case for most interferograms obtained at times c lose to crack 
initiation . This strongly suggests that the observed lack of Ki dominance in 
the two-dimensional region outside the near-tip three-dimensional zone is 
due to the important con tribution of higher-order terms to the total stress 
and deformation fields around the crack-tip. The importance qf th ese terms 
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Figure 10.34. Comparison of the radial variation of the ex perimental data Y','(r, 0) 
and the analytical fit O((r, 0) for various 0 for transmission mode CGS patterns for 
specimen. 



404 EXPERIMENTAL TECHNIQUES IN FRACTURE 

Figure 10.35. Synthetic fringe patterns reconstructed from one- and six-term tran­
sient analyses compared with the corresponding tran smiss ion mode x, gradient CGS 
interferogram. 

2.5 

2.0 

~ - 1.5 ~ .,,..., 
:::::; 

1.0 

0.5 ~ K (6-term, transient) 

---o-- · K {1-term) 

0.0 
0 20 40 60 80 100 

Time (µs) 

Figure 10.36. Time variation of the dynamic stress intensity factor as obtained from 
one- and six-term transient analyses of a CGS time sequence. 
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relative to the first term of the expansion is found to he intimately related to 
the transient nature of the crack growth event. 

The errors associated with interpretation of experimental data on the ba­
sis of K1 dominance can now be evaluated. Figure 10.36 shows the time 
variation of the dynamic stress intensity factor during crack propagation in 
specimen as obtained form the time sequence of x 1-gradient CGS fringe pat­
terns. The solid line represents the value for the dynamic stress-intensity 
factor when the fringes were interpreted on the basis of the higher-order 
transient analysis. The dotted line corresponds to the value for the dynamic 
stress intensity factor obtained when the fringes were analyzed under the 
assumption of K1 dominance (most singular contribution only). It is clear 
that interpretation of experimental data on the basis of Ki dominance leads 
to substantial errors in the measured values for the dynamic stress intensity 
factor. 

Reflection Mode . A higher-order analysis of reflection mode CGS inter­
ferograms can be performed along essentially the same lines as described 
above . Substituting the higher-order expression for the stresses [Eq. (84)] in 
the reflection mode fringe relation (76), leads after rearrangement to 

Y11(r1,81,t) = (
mp) 1 E\12ir ,)12 

2~ F(v) vh cos(38/2) 
(86) 

d 

Here G 1 is the same expression as the right-hand side of Eq . (85) and the 
left-hand side of the above expression is the quantity Y1 previously defined 
in Eq. (82). Once again , the experimental data Y1 can be fitted to the function 
G\1 through the least-squares procedure discussed earlier. 

2.5 

2.0 

~ 

(I) 

..s 1.5 .,,_ 

" -0 
A 
al 
~ 1.0 
(I) 

... 
f 05 

0.0 
v.00 

C Odeg 
0 15deg 
,. 30 deg 
0 120 deg ,. _______ _ _____ _ 

""""'";,;;;;;,:::;,::?;,;;~: : :. n C C : ; ;; 

---------o·--o-·····.._-------~------.. 

0.25 0.50 0.75 1.00 1.25 
r/h 
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Figure 10.38. Reflection mode x ,-gradient CGS fringe patterns for an initiating and 
rapidly propagating crack in an AISI 4340 steel specimen showing strong influence 
of stress waves. 

Figure I 0.37 shows the reflection mode CGS results for one particular 
time instant during crack propagation in a PMMA specimen whose surfaces 
have been aluminized through vacuum deposition. As in the transmission 
mode case , the agreement between the fitted function G\' and the data Y1 is 
good outside the near-tip three-dimensional region. Again, it is seen that 
Kf-dominance assumption is clearly inadequate. We thus note that a consis-
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tent interpretation of both transmission and reflection mode CGS fringe pat­
terns is possible through inclusion of transient higher-order effects. 

Figure I 0 .38 shows a representative sequence of CGS interferograms ob­
tained by reflection of light from the surface of an AISI 4340 carbon steel 
specimen containing a dynamically growing crack. Strong transient effects 
are present. Visual evidence of the transient nature of this process are pre­
sented in the form of unloading waves (circular lines surrounding the tip) 
that disturb the optical pattern at times after the crack starts propagating. 
(Average crack growth velocity, v - 1500 mis .) 

To further illustrate the transient nature of the crack-tip fields, the time 
histories of the stress intensity factor K1(t) and of the coefficients ~k( t) in­
ferred from the data during a representative dynamic fracture experiment 
are shown in Fig. 10.39. Each of the quantities is normalized by its mean 
value for the entire test. Even though the crack speed was constant during 
the entire observation, the figure clearly shows the transient nature of the 
crack growth process. For at least the first 50 µs after initiation of crack 
growth from a stationary blunted notch , there is significant fluctuation in the 

\ values of ~Jt), k = 2, ... , 7. The figure clearly shows the inadequacy of a 
steady-state higher-order expansion at times less than approximately 50 µs 
after initiation. 

As evident form the above results, the assumption of K1 dominance fails 
in the plane stress region surrounding the near-tip three-dimensional zone. 
It is therefore expected that caustic patterns obtained from such regions and 
analyzed by using the classical analysis of caustics (see Sec. A.4) would not 
yield the correct value of stress intensity factor. This is true because in such 
cases the crack-tip fields are not well approximated by the single term Eq. 

1.5 

1.0 

0.5 

0.0 

-0.5 

,,,.,,,.,,..,,,.,,.-6. .................. 

," ..,, 
/ ,;1!1::::-. ... _,._ _ ____ .a 

~\ //A' ~:~~-.:·!-..a-~• .. ···•& 

\\. ..,~ .... ~::!/~-~--~---.~-,c ...... :~:~-~::: 
:·<:\; / // 

.*~:;?~ 
I 

I 

,, .. 
I 

I 

I 
I 

I 

......... ?C--··· · 

----□--- · 

K/K(mean) 
B2/B2(mean) 
B3/83(mean) 
B4/B4(mean) 
85/ BS(mean) 
B6/86(mean) 
87 /87(mean) 
88/BS(mean) 

-1.0 '--~--'-~--'--~--'--~-'-~-'--~--'-~~-'--~--' 
10 20 30 40 50 60 70 80 90 

time (micro sec) 

Figure 10.39. Time histories of K ,'(t) and (3.(1) , each normali zed by its mean value , 
for the duration of a particular crack propagation event. (Crack growth in PMMA.) 
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(22). It should be recalled that this conjuncture was made without proof in 
Secs. A.4 and A.5 of the first part of this chapter. 

B.5.2 Synthetic Caustics for Transient Crack Growth 

In order to demonstrate the above conjuncture conclusively and to directly 
illustrate the inadequacy of the classical analysis of caustics for investigating 
truly transient crack growth phenomena, the following procedure is adopted. 

From the multiparameter analysis of the [a(o- 11 + &22)/ax1] patterns ob­
tained using CGS in transmission (described in the previous section) , one 
can obtain K1, !3 1, !32, !33, .... Once these constants are determined, a(o- 11 
+ &22)!ax2 can be calculated using the expression for (6- 11 + o-22). Now, let 
us recall that the caustic mapping in transmission is given by 

Xa = X" + Zo (caha!"(&11 + 6-22)), et = I, 2, 

where (X1,X2) denote the in-plane coordinates of the caustic plane, "screen," 
located at a distance z0 from the specimen plane (x 1,x2) along the optical axis. 
Using the above mapping, caustics have been generated from the CGS fringe 
patterns . One such caustic for a time instant 20 µs after crack initiation is 
shown in Fig. I 0.40. The image plane distance (z0 = 6 m) is such that the 
initial curve radius is well outside the crack-tip 3D region (r02:0.4h). If one 
were to synthetically plot the caustic based only on the value of K1 (deter­
mined from the same multiparameter transient fit to the CGS pattern) , the 
caustic should look like the one shown by the broken line. 
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Figure 10.40. Synthetic caustic obtained by analyzing transmission CGS pattern for 
a time instant 20 µs after crack initiation . Dotted line corresponds to caustic obtained 
on the basis of K; dominance at the same time instant. 
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\ 
This clearly demonstrates the effect of transient higher-order terms on 

the diameter of the caustic. The effect in the computed value of Kf is ex­
pected to be even more pronounced. Indeed , if the synthetic caustic is now 
interpreted in the classical way, as if it were generated by a K1 field [see Eq . 
(27)), the resulting value is found to be 25-30% higher than the value of K1 
obtained from the full field measurements which were input in the numerical 
calculation. To demonstrate this clearly, the value of Kf(t) measured from 
the full field CGS patterns, using the transient higher-order fit, for different 
times after crack initiation are plotted in Fig. I 0.41. Also in the same plot, 
values of K1 caustic obtained by interpreting the synthetic caustic (generated 
form the experimental field measurements) in the classical manner are dis­
played. The figure clearly shows a persistent difference of the order dis­
cussed above which is due to the violation of the assumption of strict K1 
dominance during transient crack growth . 

Indeed this is consistent with the results of the bifocal caustics experi­
ments presented in Sec. A.4, where pairs of caustics simultaneously gener­
ated from different distances from the crack-tip, during crack growth, and 
analyzed in the conventional way also resulted in differences in K1 of the 
same order of magnitude. 

A visual illustration of the effects of transients on the shape of the caustic 
is shown in Fig. 10.42. Here a crack is propagating dynamically in a wedge 
loaded, "narrow," double cantilever beam specimens which acts as a wave­
guide. As the crack initiates unloading waves, visible as bright lines, are 
generated (first two frames) . The waves are reflected from the specimen 
sides and interact with the propagating crack-tip distorting the caustic shape 
(third to seventh frames). After this time multiple wave reflections help ere-
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Figure 10.41. Plot of K,' caustics and CGS at different times during crack growth in 
PMMA. (Range of rc/h for K;' caustic: 0.90-1.04.) 
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Figure 10.42. Effect of wave reflections on caustic shape. A visual demonstration 
of the destructive of K,' dominance by transients. Material: AISI-4340 stee l, spec i­
men: double cantilever beam. 

ate a less transient environment in the specimen and the caustic curve at­
tains a shape more closely resembling that predicted by K1-dominant anal­
ysis. Although the above example is clearly extreme compared to crack 
growth in a large three-point-bend specimen where wave reflections are not 
so important , it helps visualize the effect of transients in destroying K1 dom­
inance . 

The experimental results obtained both by means of caustics and CGS 
lead us to the following general conclusion regarding experimental dynamic 
crack growth studies. 

"Contrary to conventional wisdom, K1 dominance in the vicinity of dy­
namically propagating crack-tips appears to be the exception rather than the 
rule. It is thus critically important that interpretation of the experimental 
data under assumed K1 dominance , steady-state or two-dimensional condi­
tions be carefully justified prior to at tributing physical credence to the ob­
served phenomena." 

This observation may have important consequences in resolving a num­
ber of controversies that have arisen in experimental dynamic fracture stud­
ies of the recent past. In particular this realization may be relevant in the 
resolution of the debate concerning the existence of a unique relation be­
tween dynamic fracture toughness and crack-tip velocity, (uniqueness of the 
K1 versus v relation) . The relevant literature on this controversy includes 
contributions by Kobayashi and Dally [8 I] , Kalthoff [ I 6, 17], Rosakis , Duffy, 
and Freund [32], Zehnder and Rosakis [35], Ravi-Chandar and Knauss [26], 
Nigam and Shukla [5 I], Takahashi and Arakawa [82], Chona, Irwin , and 
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Sanford [83], and Dally, Agarwal, and Sanford [46] among others. For a 
discussion regarding these issues see Freund and Rosakis [46]. 

8.6 Applications of CGS in the Investigation of Asymmetric 
Dynamic Fracture Problems 

B.6.1 Asymmetric Impact Loading of Stationary Cracks 

In this section we briefly discu ss the application of CGS to the investigation 
of asymmetric crack problems. For these cases the analysis of CGS patterns 
proceeds much in the same way as in the Mode-I (symmetric) case. The 
simplest assumption required for the ana lysis of CGS fringes is that of 
mixed-mode K dominance (K = K, + iK 11 ). As in the purely Mode-I case, 
here also, the presence of near-tip three dimensionality is expected to limit 
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Figure 10.43. (a)-(c) Numerical predictions of CGS fringes [constant a(6- 11 + 6-22)/ 

ax, values] constructed on the basis of (a) a pure K, field, (b) K1 = K11 , and (c) a pure 
K11 field. 
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the validity of this assumption. In addition, the shape of the near-tip three­
dimensional zone is expected to depend on the mixity (ratio of K/ K,,). 

An example of synthetical ly constructed (a/ax ,) (& 11 + &22) CGS patterns 
corresponding to three K-domina nt fields of three different mixities is shown 
in Figs. I0.43(a)-43(c). The x 1 axis lies along the crack line. 

Figure I0.43(a) corresponds to K, > 0, K 11 = o+, Fig. I0.43(b) corre­
sponds to K, > 0, and Fig. I0.43(c) correspond s to K, = o+, K11 > 0. It is 
interesting to see that , much like caustics, CGS patterns corresponding to 
K-dominant fields retain their shape for different ratios of K/K 11 but are sim­
ply rotated by an angle \Ji measured from the x, axis equal to 

\ji-'IT 2 - I / - 3 - 3 tan (K, K 11 ). 

Thus, Figs . 10.43(a), I0.43(b) , and I0.43(c) correspond to \Ji = 0°, 30°, 
and 60°, respectively. 

A mixed-mode caustic pattern is shown in Fig . I 0.44 for comparison to 
mixed-mode CGS patterns. The caustic pattern is obtained by reflection of 
laser light from the surface of a PMMA specimen contai ning a premachined 
crack in the shape of a circu lar arc (see Rosakis [27]). As discussed by Theo­
caris and Gdoutos [6) and by Rosakis [27), a finite K 11 rotates the ax is of 
symmetry of the "epicycloidal" caustic cu rve by an angle of w = tan - 1( K1/ 

K,) to the local tangent at the crack-tip. Very much like CGS, the a ngle of 

Figure 10.44. Mixed-mode caustic pattern at the tip of a circular arc crack loaded 
in the vertical direction. 
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Sequence of COS interferograms corresponding to later stages of the dynamic asymmetric loading of the 
preno1ched specimen. 
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Figure 10.45. (a) ,(b) Sequence of CGS interferograms corresponding to asy mmetric 
impact loading of a prenotched specimen. (a) Short time response. (b) Long time 
res ponse . 
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the rotation of the axis of symmetry provides an easy measure of the ratio 
KulK1• 

Figures I0.45(a) and I0.45(b) show a series of CGS interferograms ob­
tained by means of high-speed photography. The patterns are contours of 
equal (a/ax,) (& 11 + &22 ) , where x, is along the initial crack line. The specimen 
geometry and loading is shown in Fig. 10.46. The material is PMMA . The 
specimen is subjected to assymetric impact loading at one side of the initial 
crack. The loading is provided by means of a 24 foot drop weight tower. 
Figure I0 .45(a) corresponds to short times after impact while Fig. I0.45(b) 
shows the long time response. For details see Mason, Lambros, and Rosa­
kis [85]. 

As is obvious from a comparison of Figs. I0.45(a) and I0.43(c) , at short 
times the near-tip deformations are primarily mode II. At longer times and 
as stress wave reflections start arriving from the supports the near-tip fields 
change to an a lmost Mode-I stress field [see Figs. I0.45(b) and I0.43(a)]. 
The accuracy with which these CGS patterns can be analyzed were the sub­
ject of the investigation cited above. It is shown that the time history of K 1 

and Ku obtained experimentally agrees very will with the predictions made 
by Lee and Freund [86,87] , who modeled the same problem analytically and 
numerically. This was found to be true even at very short times after impact 
when K, was only a small fraction of Ku. Fig. 10.47 shows the time history 
of stress intensity factors Ku as obtained experimentally (CGS) analytically 
and numerically. 

B.6.2 Dynamic Crack Growth in Bimaterial Interfaces 

The last dynamic application of CGS to be discussed here is that of a crack 
initiating and propagating quasistatically or dynamically in a bimaterial in­
terface. 

DROP WEIGHT 
HAMMER 

LASER BEAM - --►- - - PMMi 
( TRANSMISSION 

MODE) 

GRATINGS 

LASER BEAM 
( REFLECTION MODE) 

HIGH SPEED 
CAMERA 

Figure 10.48. Ex perimenta l arrangements for dynamic crack growth in bimaterial 
interfaces. 
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QUASISTATIC PROPAGATION 

CRACK TIP 

PMMA 

Figure 10.49. A CGS interferogram obtained by transmission of light from the near­
tip region of a crack propagating quasi statically from a PM MA-Al interface. 

The specimen configuration is of the three-point-bend type and is shown 
in Fig. 10.48. The bimaterial combination is that of Al and PMMA. Initial 
cracks exist on the bottom of the specimen along the bond line. In the dy­
namic experiments the specimen was impact loaded by means of a drop 
weight tower. 
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DYNAMIC CRACK GROWTH 

t=-42µs t=-28µs t=-14/tS 

t=011s t=14µs 

t = 0 . . . CRACK INITIATION PMMA 

Figure 10.50. Dynamic crack growth in a PMMA-Al interface. (Average crack 
growth speed - 90% of Rayleigh wave speed of PMMA.) 
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Figure I 0.49 shows a CGS interferogram corresponding to slow crack 
growth along the interface. The pattern is obtained by transmission of light 
through the PMMA side of the quasistatically loaded specimen. The slight 
asymmetry of the pattern reveals the existence of a small Mode-II compo­
nent of the complex stress intensity factor. The object of this study, reported 
by Tippur and Rosakis [88], was to investigate quasistatic crack initiation 
and growth criteria under a variety of far field loading condition. 

F igure 10.50 shows a series of high-speed photographs corresponding to 
dynamic crack growth along the bimaterial interface. The specimen was im­
pact loaded on the aluminum side. Tippur and Rosakis [88] report crack 
growth velocities of the order of 80-90% of the shear wave speed of PMMA , 
a fact that suggest that the process is highly dynamic . Measured crack-tip 
velocity histories also show high acce leration regions, a fact that suggests 
that the process is also highly transient . (For discussion of transient effects , 
see Sec. B.5). The purpose of this continuing investigation is the study of 
dynamic fracture criteria in bimaterial interfaces. Points of interest include 
the investigation of the dependence of dynamic energy release rate on crack­
tip velocity and phase angle 'V = tan - 1

( K1/K 1). 

B. 7 Conclusions (CGS) 

The main points discussed in this section are summarized as fo llows. 

1. A shearing interferometric technique (CGS) bearing strong resemblance 
to optical caustics (both sensitive to gradients of stress), is presented as 
a viable alternative to current methods in the experimental study of dy­
namic crack propagation. CGS is a full field technique that can be used 
in a reflection mode for opaque materials, and can also be used in a trans­
mission mode for opticall y isotropic transparent materials . Important ad­
vantages of this technique over other experimental methods used in dy­
namic fracture are related to the fact that CGS is a full field method and 
also that it has variable sensitivity. Its potential as a tool of investigating 
dynamic fracture problems in opaque sol ids is also of significance. 

2. Results from dynamic crack propagation in PMMA and AISI 4340 steel 
specimens show that interpretation of experimental data on the basis of 
near-tip K1 dominance cou ld lead to substant ia l errors in the measure­
ment of the dynamic stress intensity factor. These are due to both the 
existence of a near-tip three-dimensional region as well as the existence 
of higher-order transient effects in the two-dimensional plane stress re­
gion surrounding the 30 zone. 

3. It is further shown that a consistent interpretation of experimental data 
obtained from the two-dimensional region is possible using a higher-order 
analytical description of the transient crack-tip fields. 
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4. Potential new uses of the technique are discussed. These include the in­
vestigation of mixed-mode dynamic fracture problems as well as prob­
lems related to dynamic crack initiation and growth in bimaterial inter­
faces and composite structures. 
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