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[1] We examine the local nature of the dynamic stress field in the vicinity of the tip of a
semi-infinite sub-Rayleigh (slower than the Rayleigh wave speed, cR) mode II crack with a
velocity-weakening cohesive zone. We constrain the model using results from dynamic
photoelastic experiments, in which shear ruptures were nucleated spontaneously in
Homalite-100 plates along a bonded, precut, and inclined interface subject to a far-field
uniaxial prestress. During the experiments, tensile cracks grew periodically along one side
of the shear rupture interface at a roughly constant angle relative to the shear rupture
interface. The occurrence and inclination of the tensile cracks are explained by our
analytical model. With slight modifications, the model can be scaled to natural faults,
providing diagnostic criteria for interpreting velocity, directivity, and static prestress state
associated with past earthquakes on exhumed faults. Indirectly, this method also allows one
to constrain the velocity-weakening nature of natural ruptures, providing an important link
between field geology, laboratory experiments, and seismology.
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1. Introduction

[2] Cracks in nominally elastic materials have long been
understood to carry huge stress concentrations at their tips
[e.g., Inglis, 1913; Griffith, 1925; Orowan, 1949; Yoffe,
1951]. In the Earth sciences, crack tip stress concentrations
are responsible for processes related to growth of and
deformation around geological structures, including faults,
joints, veins, deformation bands, solution surfaces, and sheet
intrusions [e.g., Pollard and Segall, 1987]. Earthquake
ruptures are frequently idealized as moving mode II (shear)
cracks which propagate along a preexisting plane of weak-
ness (a fault). As can be seen from the elastodynamic
asymptotic solution [Freund, 1990] for moving mode II
cracks, the maximum principal stress amplitude in the
vicinity of the tip is influenced by the velocity at which the
crack is propagating: the faster the rupture speed, the larger
the amplitude of the principal stresses. As the velocity of the
propagating mode II rupture tip (vII) approaches the Ray-
leigh wave speed (cR), the tensile principal stress can reach
values large enough to significantly exceed the strength of

the rocks surrounding the fault resulting in inelastic defor-
mation [e.g., Poliakov et al., 2002; Samudrala et al., 2002;
Rice et al., 2005]. At shallower depths such dynamic stress
amplifications also have been shown to lead to pulverization
[e.g., Reches and Dewers, 2005; Yuan et al., 2011], although
evidence from seismology, geodesy, and theory suggests
that pulverization and extensive off-fault failure is thought to
extend only above �5 km depth due to increasing static
confining pressure in the far field, which combats extensive
failure in tension [Li et al., 1994; Ben-Zion et al., 2003;
Fialko, 2004; Ben-Zion and Shi, 2005]. At greater depths,
damage due to dynamic tensile fracturing is expected to be
less extensive [e.g., Ben-Zion and Shi, 2005]; however,
damage localized around faults exhumed from seismogenic
depths has been reported [e.g., Martel et al., 1988; Martel
and Pollard, 1989; Martel, 1990; Griffith et al., 2009c,
2010].
[3] Field evidence of supershear earthquakes [e.g.,

Archuleta, 1984; Olsen et al., 1997; Bouchon et al., 2001;
Bouchon and Vallée, 2003; Bhat et al., 2007] and laboratory
observations of shear ruptures propagating near cR or even
exceeding the elastic shear wave speed (cs) [Rosakis et al.,
1999; Rosakis, 2002; Xia et al., 2004; Rosakis et al., 2007]
underscore the need for considering high vII, and fault rup-
ture dynamics in the mechanical picture of rupture propa-
gation and termination. The theoretical maximum speed for
vII in a homogeneous material is cR; however, rupture speeds
faster than cs and approaching the longitudinal wave speed
(cl) are theoretically permissible along straight, previously
established planes of weakness [Andrews, 1976; Freund,
1979; Broberg, 1995; Rosakis, 2002]. The observation of
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fast rupture velocities during natural earthquakes and well-
controlled laboratory experiments coupled with a strong
velocity dependence of the stress field surrounding a rapidly
propagating rupture tip has obvious implications for geolo-
gists analyzing exhumed faults: fault structures that previ-
ously were elusive within the context of quasi-static fault
mechanics may be explainable with the additional consid-
eration of rupture velocity [e.g., Sagy et al., 2001, 2002;
Samudrala et al., 2002; Reches and Dewers, 2005; Di Toro
et al., 2005a; Griffith et al., 2009b].
[4] Several theoretical studies have explored the genera-

tion of off-fault brittle deformation related to propagating
earthquake ruptures. Yamashita [2000] studied numerically
the formation of tensile crack populations around propagat-
ing ruptures and their effects on seismic radiation and rup-
ture propagation. Samudrala et al. [2002] explained the
occurrence of secondary microcracks in experiments by
Rosakis et al. [1999], featuring intersonic (vII > cS) ruptures
growing along a straight cohesive interface in Homalite-100.
They used an analytical solution for a semi-infinite mode II
rupture with a velocity-weakening cohesive zone propagat-
ing at a constant, intersonic velocity. Poliakov et al. [2002]
studied 2-D semi-infinite sub-Rayleigh (slower than the
Rayleigh wave speed, cR) mode II ruptures with a slip-
weakening tip zone to examine the influence of the prestress
state and rupture velocity on the preference of earthquake
ruptures to remain on a straight path or to follow intersecting
faults at different orientations to the primary fault. They
found that the prestress state strongly influenced the poten-
tial for ruptures to follow bend paths, while increasing rup-
ture velocity increases the extent of the influence of the near
tip stress field, implying likewise a larger zone of potential
damage. Rice et al. [2005] extended this analysis for pulse-
like ruptures in poroelastic media. While Biegel et al.

[2007], Sammis et al. [2009], and Biegel et al. [2010]
performed experiments to study the interaction of dynami-
cally growing ruptures with off-fault fracture populations,
Dalguer et al. [2003] used the discrete element method to
study tensile crack growth along 3-D strike-slip ruptures and
found that tensile crack populations grew toward the free
surface in configurations resembling “flower structures”
which are common at shallow depths along crustal-scale
strike-slip faults. Bhat et al. [2007] studied off-fault stressing
due to a self-healing slip-weakening slip pulse propagating
at supershear velocities and found that such a rupture could
induce Coulomb failure at significant distances from the
rupture. This observation was used to explain otherwise
anomalous surface cracking found several kilometers from
the rupture traces [Xu et al., 2006; Bhat et al., 2007]. Of these
studies, only the theoretical investigations of Samudrala
et al. [2002] were compared to experimental generation
of cracks around dynamic ruptures.
[5] Despite the theoretical and experimental realization of

the effect of crack growth dynamics on off-fault damage
creation, only a few field observations of cracking related to
passing earthquake ruptures have been reported. Di Toro
et al. [2005a] suggested the importance of considering
these dynamic fields by pointing out that pseudotachylyte
injection veins along exhumed faults in the Adamello
batholith in the Northern Italian Alps are commonly nearly
orthogonal to the main fault surface and occur preferentially
on one side of the fault surface (e.g., Figure 1), and showed
that these observations may be explained in terms of
the dynamic stress fields due to mode II rupture tips propa-
gating at fast sub-Raleigh velocities. Indeed, the orientation
and distribution of these injection veins show they bear
striking similarities to tensile cracks formed adjacent to
experimentally produced ruptures (Figures 1a–1d).

Figure 1. Comparison of tensile cracks formed in various loading conditions in nature and the laboratory.
(a–c) Pseudotachylye veins of dynamic origin from the Adamello batholiths [e.g., Di Toro et al., 2005a],
the Fort Foster Brittle Zone [e.g., Swanson, 1988], and the Mt. Abbot Quadrangle of the Sierra Nevada
[e.g., Griffith et al., 2008], respectively. (d) Fringe patterns surrounding a propagating shear rupture in
Homalite-100 and resulting tensile cracks inclined at a steep angle to the rupture interface. (e and f) Exam-
ples of wing cracks at static fault tips from the Mt. Abbott Quadrangle [e.g., Mutlu and Pollard, 2008].
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[6] Motivated by the observations of Samudrala et al.
[2002] and Di Toro et al. [2005a], Griffith et al. [2009b]
investigated sub-Rayleigh shear ruptures in Homalite-100
plates along a bonded precut interface inclined at an angle a
and subject to a far-field uniaxial stress P (Figure 2). This
far-field stress mimics the static prestress acting on faults in
the Earth’s crust; therefore, the experimental configuration
of Griffith et al. [2009b] is a closer representation of natural
earthquake ruptures than the experiments of Samudrala et al.
[2002]. The experimental shear rupture events produced
damage zones, consisting of an array of tensile cracks
(Figure 1d) that nucleated and grew dynamically within the
tip zone of the shear ruptures, which were propagating
along the bonded frictional interface (laboratory fault). The
cracks formed only on one side of the laboratory fault,
which is consistent with the asymmetric nature of the nor-
mal stress distribution around mode II crack tips. In addi-
tion, the orientation of the tensile cracks appeared to be
strongly related to the shear rupture velocity and the static
prestress state [Griffith et al., 2009b].
[7] Here we develop an analytical steady state dynamic

shear crack model with a velocity-weakening cohesive zone
to elucidate the physics of the propagating rupture tip
responsible for the stress perturbation associated with the
observed tensile crack growth in the experiments on
Homalite-100.
[8] The primary objective of this study is to explain the

occurrence and inclination of the tensile (mode I) cracks
which developed during the experiments of Griffith et al.
[2009b]. Modifications are subsequently made to the

resulting, laboratory-calibrated, analytical model allowing us
to scale our observations of dynamic tensile cracking in the
laboratory setting to natural faults exhumed from seismo-
genic (5–15 km) depths. Results of this scaling suggest that
conditions of rupture velocity and static prestress state of
ancient ruptures can be very tightly constrained by examin-
ing the inclination angle of tensile cracks distributed along
exhumed faults.

2. Experiments and Field Observations

[9] For subsequent discussions, we differentiate between
tensile cracks that grow in response to “dynamic” and
“static” loading, as there is currently little distinction in the
geologic literature. For brevity, we will heretofore refer to
cracks distinguished by loading conditions as “dynamic”
and “static” tensile cracks, respectively. Di Toro et al.
[2005a] provided strong field evidence that “dynamic” ten-
sile cracks containing pseudoatachylyte (pseudotachylyte
injection veins) might form as a result of a transient stress
perturbation due to a passing earthquake rupture. Pseudo-
tachylyte injection veins along exhumed faults in the
Adamello batholith in the Northern Italian Alps occur
quasiperiodically and dominantly on one side of the fault
and are nearly orthogonal to the main fault surface. Such
high-angle veins are also common along other pseudotachylyte
bearing faults (Figures 1b and 1c) [Swanson, 1988; Griffith
et al., 2008], and differ from “static” wing cracks com-
monly observed near the tips of faults, which are related to
the quasi-static perturbed stress field introduced by slip

Figure 2. (a) Photoelastic apparatus including laser light source, polarizing filters, and high-speed
cameras. (b) Hydraulic press and sample configuration showing the relative orientation of the vertical
load (P) and inclination of the interface (a). Explosion induces a bilateral right-lateral shear rupture upon
explosion.
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(Figures 1e and 1f) [Willemse and Pollard, 1998; Mutlu and
Pollard, 2008]. Wing cracks are typically concentrated at
the tips of faults, whereas dynamic tensile cracks occur
preferentially on one side of the fault and may occur along
the length of the fault. Static tensile cracks may also form
along nonplanar faults due to stress perturbations at fault
bends [Griffith et al., 2010], although such cracks are usu-
ally developed on both sides of the fault surface. In addi-
tion, static cracks which develop around fault bends along
faults exhumed from seismogenic depths may occur cen-
timeters to meters from the fault surface, depending on the
roughness amplitude of the fault, whereas dynamic tensile
cracks tend to occur within several cm of the fault, fre-
quently nucleating on the fault surface [Griffith et al.,
2010].
[10] In order to test the hypothesis that dynamic tensile

cracks might reveal information about the source parameters
of ancient ruptures, Griffith et al. [2009b] investigated sub-
Rayleigh shear ruptures in Homalite-100 plates along a
glued precut interface inclined at an angle a and subject to a
far-field uniaxial stress P (Figure 2). Transient stress fields
during the experiments were recorded using dynamic pho-
toelasticity [Kavaturu et al., 1998] and high-speed digital
photography [e.g., Rosakis, 2002], yielding patterns of iso-
chromatic fringes (Figure 1d) that are contours of maximum
in-plane shear stress. Shear rupture experiments were con-
ducted under a variety of prestress states with inclination
angles of a = 60°, 70°, and 80°. Within each experiment, vII
varied smoothly within �10% of cs for Homalite-100, yet
the inclination angle q of dynamic tensile cracks formed
during the experiments was sensitive even to such small
changes in velocity (Figure 3). Arrays of tensile microcracks
were produced during shear rupture in all experiments at
a = 60° and 70° (Figures 1 and 3), but microcracks were not
observed at a = 80°. The tensile cracks nucleated and grew
dynamically within the cohesive zone behind the tip of the
shear rupture as it propagated along the bonded frictional
interface [Griffith et al., 2009b]. The cracks were interpreted
to be pure tensile (mode I) cracks due to the presence of
symmetrical shadow spots at the propagating crack tips
[Rosakis et al., 2000; Griffith et al., 2009b]. The tensile
cracks were produced only on one side of the rupture inter-
face, where transient, fault-parallel, tensile stress perturba-
tions were associated with the growing shear rupture tip. For
greater values of a, the remote compressive stress P resolves
lesser normal and shear tractions on the interface and greater
compression parallel to the interface which inhibits tensile
cracking. In all cases, microcracks formed at high angles to
the rupture interface, and longer cracks curved slightly as
they propagated into the Homalite specimen. Microcrack
length and spacing also varied systematically with velocity
of the main rupture and the prestress state; however, we
focus on microcrack orientation in this paper. It is worth
emphasizing that the laboratory experiments of Griffith et al.
[2009b], only produced off-fault tensile failure. Dynamic
shear crack growth (shear failure) in monolithic brittle solids
in the absence of interfaces has never been observed in a
laboratory setting. Indeed when cracks are generated in the
bulk material adjacent to a main fault, these grow in the
direction which promotes opening and to our knowledge are
never seen to propagate as a shear ruptures in the absence of
additional weak interfaces. Laboratory investigation of off-

fault shear failure would require the introduction of addi-
tional flaws or weak interfaces within the Homalite material.
[11] The experiments described by Griffith et al. [2009b]

were conducted along an interface with cohesive and fric-
tional strength, which differentiates them from previous
experiments in which arrays of tensile cracks were formed
during shear rupture along a precut interface [Rosakis et al.,
1999, 2000]. In these previous experiments, tensile micro-
cracks were produced by shear ruptures induced by projec-
tile impact on a cohesive (i.e., bonded) interface which was
weak with respect to the host Homalite material [Rosakis
et al., 1999]. This cohesive interface had little frictional
strength, as it was not subject to any remote loading. More
recently, subshear and supershear bilateral ruptures have
been produced in the laboratory which more closely simu-
late geologic conditions of faulting in that they were sub-
jected to remote uniaxial loading and frictional strength
[e.g., Xia et al., 2004, 2005; Rosakis et al., 2007]. In these
experiments ruptures occur along a frictional (but cohe-
sionless) interface, and the rupture was induced by an
exploding wire embedded within the Homalite adjacent to
the interface. However, secondary microcracks like those
observed by Rosakis et al. [1999, 2000] and analyzed by
Samudrala et al. [2002] were not observed in any of these
experiments. Samudrala et al. [2002] and Poliakov et al.
[2002] show that the off-fault stress concentration due to a
propagating shear rupture is related to the rupture velocity
vII and to the peak shear traction tp attained along the
rupture surface (i.e., shear stress needed to overcome the
total interface strength). In the previous laboratory studies,
this total interface strength t0 was either due to quasi-static
cohesive strength, tc, of the glued bond [Rosakis et al.,
1999, 2000; Samudrala et al., 2002], or to frictional
strength tf of the interface due to the remote compressive
stress P [Xia et al., 2004, 2005; Lu et al., 2007; Rosakis
et al., 2007]. Because cracks have not been observed to form
in the latter frictional configuration, Griffith et al. [2009b]
applied the adhesive bond to the interface, resulting in a
strengthening of the interface by the amount tc. Therefore,
the total static interface strength is t0 = tc + tf. Here
tf = fssn, where fs is the static friction coefficient, and sn is
the normal traction resolved on the interface. Note the
important difference in symbols used to describe the cohe-
sive, frictional, and total interface strength between Griffith
et al. [2009b] and the current paper. Because the propa-
gating rupture must overcome both tf and tc this results in a
magnification of the off-fault normal stress components,
encouraging tensile failure of the Homalite. The fact that
both friction and cohesion were necessary to generate ten-
sile cracks in the experiments of Griffith et al. [2009b]
suggests that dynamic tensile cracking along faults during
earthquakes may occur preferentially along strong faults
which have some cohesive strength, and their formation is
strongly dependent on the static prestress state present at the
time of the earthquake rupture.
[12] It is worth noting that for the parameter ( fs = 0.32)

determined by Griffith et al. [2009b] for the bonded inter-
face, optimal angle between the rupture plane and the max-
imum compressive stress for shear failure is �36°,
corresponding to �a = 54°. This explains why the load P
was smallest for experiments with a = 60°. However, this
parameter space does not correspond to “weak” crustal-scale
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faults such as the San Andreas fault for which 10° ≤ a ≤ 30°
[e.g., Zoback et al., 1987]. At these angles the critical P for
shear failure along the interface is close to or greater than the
buckling load for the Homalite specimens. Several experi-
ments were conducted for a = 30°; however, the experi-
ments were unstable, and when ruptures did occur, they
almost always propagated at supershear velocities, resulting
in very large secondary tensile cracks.

3. A Velocity-WeakeningModel of a Sub-Rayleigh
Shear Rupture Growing Along a Fault With
Frictional and Cohesive Strength

[13] The purpose of this section is to determine the local
nature of the dynamic stress field in the vicinity of the tip of

the shear rupture that is growing along a fault with frictional
and cohesive with sub-Rayleigh speed. It is this stress field
that is responsible for driving the off-fault mode I micro-
cracks of interest to the present study.
[14] As can be seen in Figure 3, measurable variations of

shear rupture speed exist during each of the experiments.
However, such variations are gradual and are typically less
than 10% of the shear wave speed of the solid. This obser-
vation together with the experimental fact that the off-fault
microcracks are generated dynamically in the immediate
vicinity of the rupture tip allow us to use a dynamic, “steady
state” rupture model in the current section. Indeed, as shown
by Freund and Rosakis [1992] for the mode I case and by
Liu and Rosakis [1994] for mixed mode, the local near-tip
field of a growing rupture always retains its steady state

Figure 3. Shear rupture velocity, vII, and microcrack angle, q, versus distance of rupture tip from the
nucleation site for experiments (left) with P = 32 MPa and a = 60°, and (right) with P = 38 MPa and
a = 70°. Blue triangles represent the rupture velocity of the main shear rupture, and red squares represent
the inclination angle of microcracks.
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structure at sufficiently close distances from the rupture
front, even if substantial accelerations or decelerations are
present.
[15] The additional observation that the microcracks con-

tinue to grow for some short time after the rupture tip has
passed by, further implies that a model featuring a “distrib-
uted” cohesive zone rather than a “point” rupture tip would
be necessary to capture the physics of the problem [Rosakis,
2002]. Such distributed cohesive zone models were origi-
nally derived to deal with the singular stress concentration
associated with linear elastic fracture mechanics which is not
physically permissible in materials with finite strength. The
major purpose of cohesive zone models is to account for
inelastic yielding around the crack tip, thereby avoiding the
inherently problematic stress singularity. In the case of
dynamic shear rupture, the cohesive zone is a finite length
strip zone in which the shear traction acting on the fault
decays from a peak value at the leading edge of the rupture
to some steady state value at the trailing edge of the rupture.
The true decay of shear tractions during frictional sliding is
a complex process, as shown by a number experiments on
dynamic sliding friction in geomaterials [e.g., Marone,
1998, and references therein]. For the case of fracture
mechanics-based dynamic rupture models, this evolution is
typically idealized by two end-member classes of models in
which the dynamic friction coefficient evolves either with
slip (slip-weakening models) or with velocity (velocity-
weakening models). The former class of models is somewhat
more tractable analytically, and has been studied in depth to
investigate off-fault secondary shear failure for the case of
semi-infinite mode II and mode III shear ruptures by
Poliakov et al. [2002] and for the case of dynamic slip pulses
by Rice et al. [2005].
[16] The slip-weakening pulse model [Rice et al., 2005]

has also been utilized to explain the general orientation and
distribution of pseudotachylyte injection veins [Di Toro
et al., 2005a]. Di Toro et al. [2005a] concluded based on
this formulation that the injection veins formed at the tip of a
sub-Rayleigh rupture. Rice and Ruina [1983] proposed that
sliding friction is strongly dependent on sliding velocity, and
this has been shown to be the case in a variety of

experimental settings [e.g., Tsutsumi and Shimamoto, 1997;
Di Toro and Pennacchioni, 2004; Yuan and Prakash,
2008]. Numerous studies postulate that earthquake rup-
tures propagate at speeds approaching the shear wave
velocity or faster and slip velocities jump to rates of a few
m s�1 behind the rupture front, and continued slip occurs at
about 1 m s�1 [Heaton, 1990; Rice, 2006; Tullis et al.,
2007]. Based on these observations, we choose to address
the somewhat less tractable problem of modeling our
experimental results using a velocity-weakening cohesive
zone model, with the understanding that qualitatively similar
results could also be achieved by utilizing a slip-weakening
cohesive zone model. In particular, a sub-Rayleigh modifi-
cation of the steady state and velocity-weakening shear
cohesive zone model by Samudrala et al. [2002] is a viable
candidate to adopt for the current study. Our preference in
modeling the cohesive and frictional resistance of the
interface (fault) by a velocity weakening rather than a slip-
weakening law (despite its relative complexity) is corrobo-
rated by experimental evidence, recently reported by Lu et al.
[2007] on the basis of similar rupture experiments in
Homalite-100. In these experiments, the attainment of both
“crack-like” and “pulse-like” shear ruptures in frictional
interfaces separating identical Homalie-100 plates provided
strong evidence of the activation of a velocity-weakening
mechanism during rupture. As described by Zheng and Rice
[1998], velocity weakening is the dominant mechanism
promoting pulse-like shear ruptures at an interface separating
identical solids.
[17] On the basis of the above arguments, we consider a

semi-infinite, planar shear rupture (mode II rupture) propa-
gating dynamically along an interface, weak relative to the
monolithic host material, separating two identical, homoge-
nous, isotropic, linear elastic solids. In our particular prob-
lem, shown in Figure 4, plane stress is the appropriate
approximation since the two plates separating the interface
are “thin” compared to their in-plane dimensions. The rup-
ture features a zone of length L, translating in the front of the
rupture tip that resists relative motion due to both friction
and cohesion (Figure 5). The rupture tip propagates at a
constant, sub-Rayleigh speed vII (0 ≤ vII ≤ cR) in its own
plane under either plane strain or plane stress conditions.
[18] An orthonormal coordinate system (0;x1,x2,x3) is

placed with its origin at the rupture nucleation site and with
the (x1,x2) plane containing the center plane of the specimen
(Figure 4). The positive x1 axis lies along the fault line in the
direction of rupture growth. The x2 axis is perpendicular to
the fault and faces toward the upper part of the specimen,
while the x3 axis points out of the plane of Figure 4 and is
not shown.
[19] A detailed view of the rupture tip region, including

the fixed coordinate frame, the shear rupture process zone
and the shear traction, t, resisting sliding are shown in
Figure 5. In the fixed coordinate system, the in-plane dis-
placement fields u1 and u2 can be expressed in terms of
dilatational and shear displacement potentials f(x1,x2, t) and
y(x1,x2,t) as:

u1 x1; x2; tð Þ ¼ ∂
∂x1

f x1; x2; tð Þ þ ∂
∂x2

y x1; x2; tð Þ;

u2 x1; x2; tð Þ ¼ ∂
∂x2

f x1; x2; tð Þ � ∂
∂x1

y x1; x2; tð Þ:
ð1Þ

Figure 4. In-plane cross section of specimen and fixed
coordinate system (x1,x2). Origin at the nucleation site and
positive x1 axis along the fault line.
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These displacements and displacement potentials can also be
represented with respect to a moving coordinate system
(h1,h2) = (x1 � vIIt,x2) centered at the front end of the shear
cohesive zone as shown in Figure 5. In this moving coor-
dinate system, the motion of the sub-Rayleigh rupture is
governed by two elliptic equations in terms of f and y as
follows:

∂2

∂h21
f h1; h2ð Þ þ 1

a2
l

∂2

∂h22
f h1; h2ð Þ ¼ 0;

∂2

∂h21
y h1; h2ð Þ þ 1

a2
s

∂2

∂h22
y h1; h2ð Þ ¼ 0;

ð2Þ

where al ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv2II=c2l Þ

q
, as ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2II=c

2
s

p
, and cl,cs

are the longitudinal (pressure) and the shear wave speeds,
respectively.
[20] The general solutions of equation (2) for the dis-

placement potentials are

fðh1; h2Þ ¼ RefFðzlÞg;
yðh1; h2Þ ¼ ImfGðzsÞg; ð3Þ

where F() and G() are analytic functions everywhere except
on the rupture faces with respect to their arguments
zl = h1 + ialh2 and zs = h1 + iash2, respectively. The dynamic
stress fields may now be expressed in terms of the unknown
functions F, G as

s11ðh1; h2Þ ¼ m Re ð1� a2
s þ 2a2

l ÞF}ðzlÞ þ 2asG
}ðzsÞ

� �þ T ;

s22ðh1; h2Þ ¼ �mRe ð1þ a2
s ÞF}ðzlÞ þ 2asG

}ðzsÞ
� �

;

s12ðh1; h2Þ ¼ �m Im 2alF
}ðzlÞ þ ð1þ a2

s ÞG}ðzsÞ
� �

; ð4Þ

where T is the T stress term in the crack tip stress field. The
T stress term represents a constant (static) direct stress acting
parallel to the fault plane. As we will see later, its magnitude
can be related to the magnitude of the far-field tectonic load
as well as the angle of inclination of the fault to the principal
axes of far-field stress.
[21] For a mode II rupture, the displacement field u1 is

antisymmetric, while u2 is symmetric with respect to h2.
Consequently, at the rupture plane (h2→0), the symmetry of
F and G can be established as

F}þðh1Þ ¼ ��F}�ðh1Þ;
G}þðh1Þ ¼ ��G

}�ðh1Þ;
ð5Þ

where the superscript plus and minus stand for the limits

h2→0+ (upper rupture face) and h2→0� (lower rupture face),
respectively.
[22] Functions F and G can be determined from the trac-

tion boundary conditions on the rupture faces which, fol-
lowing Samudrala et al. [2002], are given by

ðs22Þ�ðh1Þ ¼ 0 h1 < 0; ð6Þ

ðs12Þ� h1ð Þ ¼ tðh1=LÞ �L < h1 < 0;
0 h1 < �L;

�
ð7Þ

where t is the cohesive traction distribution acting on the
cohesive surfaces, which, unlike the slip-weakening for-
mulations utilized by Poliakov et al. [2002] and Rice et al.
[2005], is unknown a priori. The constitutive description of
t is given by a linear velocity-weakening shear cohesive law
[e.g., Freund and Lee, 1990; Samudrala et al., 2002], which
relates the shear traction at any point within the zone to the
local slip velocity _d ≡ ð _uþ1 � _u�1 Þ; as follows:

t _d
� � ¼ t0 1þ b∗

m _d
2t0cs

" #
: ð8Þ

In (8), m is the shear modulus of the surrounding material, t0
is the static shear strength of the interface and b* < 0 is a
negative dimensionless velocity-weakening parameter that
governs the severity of velocity weakening and eventually
needs to be determined by experiment. Therefore, in this
constitutive relationship, the shear traction decays from a
peak value t0 linearly with sliding velocity, _d, at the leading
edge of the rupture to a residual value t = 0 at the trailing
edge, where the slip rate has magnitude _d ¼ ð2tpcsÞ=ðmb�Þ
[Samudrala et al., 2002]. As described in section 2, the static
strength t0 is given by t0 = tc + fsPcos

2a. In this expression,
the first term, tc, corresponds to the quasi-static cohesive
strength of the interface in the absence of far-field com-
pressive stress. The second term corresponds to the contri-
bution of far-field stress and static friction to the interfacial
strength, fs being the static coefficient of friction estimated
by quasi-static experiments described by Griffith et al.
[2009b, Figure 1c]. The total strength t0 is the net quasi-
static strength level encountered by the shear rupture tip
(front of the translating cohesive zone) as it races along the
interface. Within the cohesive zone, this level drops to zero
due to the linear velocity-weakening law described in
equation (8). The normal static stress comes indirectly into

Figure 5. Moving and fixed coordinate systems of the rupture tip and the shear cohesive zone.
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the analysis through the dependence of the initial static shear
strength of the bond (t0) on the normal component and on
static friction coefficient. It should be noted that although the
dependence of t on sliding speed, _d , is linear, the spatial
distribution of t(h1/L) within the cohesive zone is not and
needs to be determined by solving the complete boundary
value problem as posed above. An expression for this spatial
distribution is obtained by recalling that the rupture model
considered here is dynamic and steady state and as a result

_d ¼ _uþ1 � _u�1
� � ¼ �2vII

∂u1
∂h1

:

By substituting this equation into the constitutive description
for the cohesive tractions, equation (8), the spatial distribu-
tion of t is obtained as follows:

t
h1
L

� 	
¼ tc þ fsP cos2a
� �

1þ ∣b�∣
vII
cs

m
tc þ fsP cos2að Þ

∂u1
∂h1

h1
L

� 	
 �
;

� 1 <
h1
L
< 0: ð9Þ

From now on, we will refer to the front end of the cohesive
zone as the mathematical rupture tip and to the rear end as
the physical rupture tip. In the present model, the rupture
surface tractions are all assumed to fall to zero behind the
cohesive zone due to the influence of the velocity-weaken-
ing law.
[23] By solving the above equations subject to the

boundary conditions (7), with a cohesive strength distribu-
tion given by (9) the normalized dynamic shear stress s12
distribution on the upper rupture face of the cohesive zone
can now be obtained from [Samudrala et al., 2002] for the
subsonic case of rupture speed as follows:

s12

t0
¼ t

t0
¼ 1þ sin gp

p
ð�h1=LÞgþ1=2

ð1þ h1=LÞg
Z 1

0

ð1� sÞgffiffi
s

p ð1þ sh1=LÞ
ds;

ð10Þ

where

g ¼ 1

p
tan�1 b� vII

3

cs3
as

RðvII Þ

 �

< 0;R vIIð Þ ¼ 4alas � ð1þ a2
s Þ2

is the Rayleigh function. Equation (10) also holds for the
dynamic shear stress s12 on the lower rupture face, due to
the antisymmetry in (5). Figure 6 shows the distribution of
dynamic shear stress s12 on the upper (or lower) rupture face
of the cohesive zone with velocity weakening. The dynamic
shear stress decreases monotonically from t0 at the mathe-
matical rupture tip and approaches zero at the physical rup-
ture tip.
[24] The distribution of the normalized dynamic stress

component, s11, on the upper rupture face of the cohesive
zone is given by (see Appendix A)

s11

t0
¼ � 4

p
ða2

l � a2
s Þas

RðvII Þ
ð�h1=LÞgþ1=2

ð1þ h1=LÞg
cos gp

�
Z 1

0

ð1� sÞgffiffi
s

p ð1þ sh1=LÞ
dsþ T

t0
: ð11Þ

On the lower rupture face, however, because of the sym-
metry of F and G, as shown in equation (5), the normalized
dynamic stress component s11 is different from equation
(11) and features a change in sign only in its first term.
The direct stress component, acting parallel to the fault line,
now becomes

s11

t0
¼ 4

p
ða2

l � a2
s Þas

RðvII Þ
ð�h1=LÞgþ1=2

ð1þ h1=LÞg
cos gp

�
Z 1

0

ð1� sÞgffiffi
s

p ð1þ sh1=LÞ
dsþ T

t0
: ð12Þ

It should be note that the T term in (12) does not change sign
as one moves from the upper to the lower rupture faces. It
represents a constant background prestress state which also
trivially satisfies both the governing equations and the
boundary conditions of the rupture problem as stated above.
Its magnitude can be related to the applied prestress on the
specimen boundaries and to the fault inclination angle.
[25] It is also important to note that, with a velocity-

weakening cohesive zone (b* < 0) at the physical rupture tip
(h1/L = �1), when vII ≠ 0, s11/t0 reaches a finite value given
by

lim
h1
L→�1

s11

t0
¼ 4

ða2
l � a2

s Þas

RðvII Þ
cos pg
sin pg

þ T

t0
ð13Þ

on the upper rupture face and by

lim
h1
L→�1

s11

t0
¼ �4

ða2
l � a2

s Þas

RðvII Þ
cospg
sinpg

þ T

t0
ð14Þ

on the lower face of the rupture. In contrast, in the absence
of velocity weakening (b* = 0), s11 is singular at the phys-
ical crack tip (back of cohesive zone) similar to the asymp-
totic solution of Freund [1990] for a mode II crack with no
end zone.
[26] The uniform T stress field is related to the external

compressive load �P by T = �Psin2a (<0) in our loading

Figure 6. Normalized s12 distribution on the upper (or
lower) rupture face.
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configuration. In the Earth’s crust it can similarly be related
to the far-field, biaxial, tectonic load.
[27] Figures 7a and 7b show the distribution of the

dynamic stress, s11, on the upper and lower faces of the
rupture plane, respectively. The different curves correspond
to various levels of rupture speed. Results are shown for
b* = �0.4, P = 32 MPa and a = 60°.

4. Predicting the Orientation of Secondary
Tensile Cracks

[28] Both Homalite-100, used in the experiments, and
crustal rock surrounding natural faults in real earthquake
events are nominally brittle solids. Consequently, we assume
that they obey the maximum principal stress criterion for
brittle fracture. Equivalently, we assume that the secondary,
mode I, cracks observed in the experiments and on exhumed
faults would initiate on the side of the fault and at locations

which, locally and instantaneously, experience tensile stres-
ses as the dynamic shear rupture passes by. For right-lateral
slip, as in the present study, this is the lower face of the main
shear rupture. In particular, these secondary (mode I) cracks
would initiate at positions at the lower surface of the fault
plane (weak bond) where the maximum stress equals the
ultimate tensile strength of the monolithic material. Also, it
is expected that their initial direction of growth will be per-
pendicular to the maximum principal stress direction at such
locations. At points adjacent to the cohesive zone, the
dynamic stress component s11 always is negative (com-
pression) on the upper surface. On the lower surface of the
fault plane however, s11 could attain positive (tensile) values
near the physical crack tip as is clearly shown in Figure 7b.
The exact location at which s11 changes sign depends on the
relative magnitude of the negative T term (T = �P sin2a)
compared to the positive, dynamic first term in equation (12).
[29] As anticipated, the rupture speed vII, far-field tectonic

load P, the angle a, as well as the static strength t0 and the
velocity-weakening parameter b*, all contribute to identi-
fying the location along the bottom faces of the fault line
where this stress component may first become positive. The
relevant stress, however, which governs the initiation of the
tensile crack is the maximum principal stress, s1, rather than
s11 itself. A two-dimensional Mohr circle analysis may be
used to show that this stress on the upper surface of the shear
cohesive zone is always less than that on the lower surface,
and the latter may become large enough, close to the phys-
ical rupture tip, to reach the Homalite strength sH and thus
initiate tensile fractures. To investigate such conditions, the
stress state illustrated in Figure 8, is used to calculate the
maximum principal stress s1 and the inclination angle q of
the principal plane relative to the horizontal (fault plane) as
follows:

s1 ¼ s11

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s11

2

� 	2
þ s2

12

r
; ð15Þ

q ¼ p
2
� 1

2
arctan

2s12

s11

� 

: ð16Þ

Figure 9 shows the variation of the normalized principal
stress, s1/t0, and the principal angle, respectively. These are
plotted for points within the cohesive zone, �L ≤ h1 ≤ 0, and
on the lower rupture face. They correspond to P = 32 MPa,
a = 60°, vII/cs = 0.6 and b* = �0.4. They are obtained
by substituting equations (10) and (12) into equations (15)

Figure 7. Normalized s11 distribution on (a) upper rupture
face and (b) lower rupture within the cohesive zone.

Figure 8. Stress state on the lower rupture surface.
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and (16), respectively. As discussed above, the principal
stress remains positive in a small region at the trailing end of
the shear cohesive zone, allowing the maximum tensile
stress fracture criterion to be satisfied somewhere in that
vicinity.
[30] Plots in the form of Figure 9 can be used to predict the

initial inclination angle of the secondary microcracks for
various loading configurations, (P,a), sub-Rayleigh shear
rupture speeds, vII/cs and velocity-weakening parameters,
b*. This is done by indicating the critical level for fracture
initiation (s1 = sH) on the left vertical axis of Figure 9. This
allows for the identification of the location on the fault line
(ordinate of Figure 9) where the first secondary crack will
initiate (see arrow from the left vertical axis of Figure 9). By
considering the same location, the corresponding inclination
angle, q, can be obtained as indicated by the arrow for the
right vertical axis in Figure 9.

5. Microcrack Inclination Angle: Theory Versus
Experiment

[31] In section 2, we have seen that the laboratory
experiments of Griffith et al. [2009b] clearly revealed a
significant correlation between q and system parameters
such as rupture speed, vII, and tectonic loading (P,a). The
model presented above also shows that in addition to vII, P
and a, other parameters, such as the static bond strength, t0,
the velocity-weakening rate, b*, and the tensile strength of
monolithic Homalite, sH, are also involved in determining q.
[32] While some of the above discussed parameters are

easily measurable from independent experiments, others can
only be estimated to vary within certain ranges of values. In
particular the tensile strength of Homalite, sH, is reported to
range from 18 MPa to 28 MPa. In addition, there is currently
no direct experimental information regarding the amplitude
of the negative velocity-weakening parameter, b*, for
interfaces of the type considered in this study. Because sH
and b* are difficult to constrain given current literature, we
treat these parameters as unknowns to be fitted by a single
set of experimental conditions. When determined, these
parameters are used in the theoretical model to predict the

outcome of a series of subsequent experiments. The purpose
of this exercise is to validate the model by checking its
ability to determine the dependence of q on vII, a and P.
[33] Experiment 60I (P = 32 MPa,a = 60°) was chosen to

provide the best fit for sH and b*. The discrete points in
Figure 10 represent the experimental dependence of q on
rupture speed vII, while the solid line is the result of the
theoretical model for sH = 21 MPa and b* = �0.61. These
values are chosen to provide the best fit to the experimental
results of this particular experiment. In Figure 10, the effects
of sH and b* on the prediction of the inclination angle q are
also presented. The variations of q along the rupture path
(fault plane) for sH = 21 MPa and b* = �0.61 are shown in
Figure 11.
[34] Using the above stated values for sH and b* and the

measured rupture speed history as input, the theoretical
variation of q along the rupture path can be computed for
experiments number 70I and 70J (P = 38 MPa, a = 70°),
and these predictions can be compared to the actual mea-
surements of q. This comparison is shown in Figures 12a
and 12b.
[35] It is observed that the model predictions reproduce

the measured values of q and the spatial variation of the
secondary crack inclination angles well despite the fact that
the static prestress conditions in experiment 60I (Figures 10
and 11) differ significantly from those in experiments 70I
and 70J (Figure 12). It should also be noted that although
experiments 70I and 70J were nominally identical in loading
configuration, they featured slightly different velocity his-
tories due to uncontrollable differences in rupture nucleation
conditions and load uniformity.
[36] Another way to view the same data is to concentrate

on the dependence of q on vII for both 70I and 70J. The
comparison between predictions and experiment for these
cases are shown in Figures 13a and 13b. Close scrutiny of
the above results reveals that for a given value of P, the
dependence of q on vII is approximately linear. For fixed
values of sH and b*, the level and slope of this line depends
on the value of the far-field stress P (see Figures 10 and 13).
[37] Finally, it should be noted that a separate set of

experiments was performed for P = 56 MPa, a = 80°. The
rupture speed ranged from 0.7 to 0.9cs. For these conditions,
no secondary cracks were observed. Indeed, application of
the theoretical model for this case confirms that the brittle
fracture initiation criterion is never satisfied within the
cohesive zone. For this case, the large value of P (and the
orientation of P) ensures that the maximum principal stress
remains below sH even at the trailing edge of the cohesive
zone (h1/L→ �1). Another interesting point of comparison
corresponds to cases in which no adhesive is applied on the
rupture surfaces (tc = 0). In such cases, the static bond
strength is purely provided by the frictional resistance of the
interface and is given by t0 = fsP cos2a. Here, the maximum
angles which can be tested are less than tan�1fs, since for
higher angles the two pieces of the specimen cannot be held
together by static friction. Such experiments are described in
a review by Rosakis et al. [2007] and more recently by Lu et
al. [2009]. In these cases fs was measured to equal 0.6 and
the maximum fault angle tested was 30°. The load levels P,
for which the ruptures were sub-Rayleigh (vII � 0.99cR),
ranged from 3 to 10 MPa. In many of these cases the
experiments show that there are no tensile cracks generated.

Figure 9. Method to determine the mode I crack inclina-
tion angle.
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More specifically, when a = 30°, P = 10 MPa, and when
a = 25°, P = 10 MPa (two cases considered by Lu et al.
[2007]), the present theory confirms once again that the
brittle fracture criterion is not satisfied for any of the above
stated pair of a and P. The reason this time is not the “large”
value or relative orientation of P. Instead it is the “small”
levels of frictional bond strength and the high values of vII
which determines the outcome. This is the case when
cohesion is completely removed and tc = 0. Inherently,
stronger bond strength, t0, will encourage tensile failure of
the host rock since the first term in (unnormalized version
of) equation (12) is proportional to t0, allowing it to over-
come the second term which represents the contribution of
the compressive static prestress. At the same time, for larger
bond strengths, larger P values would be necessary to initi-
ate shear rupture along the fault interface. This larger P value
would increase the second term in equation (12). This
demonstrates the delicate balance between the static pre-
stress state and secondary tensile failure (or lack of tensile
failure). When a = 80°, it is extremely difficult for the
transient direct stress to exceed sH, which is consistent with
our experimental observations.
[38] Our dynamic model used to predict the inclination of

the microcracks assumes a zero normal stress component
(s22) on the rupture faces, which is consistent with the view
of the dynamic rupture as a purely mode II rupture. In
performing the analysis we had the choice to either ignore
the uniform static prestress or to violate boundary conditions
by artificially adding its constant contribution in the calcu-
lation of secondary crack directions and in the process vio-
lating the boundary conditions. We chose the former route in
the absence of a more rigorous alternative. Indeed, our
model only admits the existence of static prestress indirectly
as controlling the initial static strength of the interface

through the static coefficient of friction (see equation (9)).
However, its obvious success in predicting microcrack ori-
entation in multiple experiments seems to point out that the
direct omission of static prestress in the calculation does not
result in serious loss of the model’s predictive power.

6. Application to Exhumed Faults

[39] The analytical model described in section 4, suc-
cessfully predicts (1) the presence of secondary, mode I,

Figure 11. Theoretical and experimental inclination
angle, q, with respect to rupture distance from wire in
experiment 60I.

Figure 10. Theoretical and experimental inclination angle, q, with respect to crack speed for experiment
60I. The theoretical predictions of q for different combinations of sH and b* are presented to show the
effects of these parameters on the inclination angle q. This experiment provides best fit values for sH
and b*. This experiment provides best fit values for sH and b*.
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cracks and (2) their inclination angles relative to the main
shear rupture generated in the laboratory regardless of pre-
stress condition with a single velocity-weakening parameter,
b*. This apparent versatility of the analytical model
encourages us to attempt its generalization and application to
earthquake ruptures propagating along frictional faults sep-
arating crustal rocks. The most extensive data set of such
quasiperiodic crack arrays (pseudotachylyte injection veins)
was collected by Di Toro et al. [2005a] along the Gole
Larghe Fault in tonalite (granodiorite) rocks of the Adamello
batholith in the Italian Alps and the inclination angle q of the
most predominant set was observed to be approximately
q = 90°. In this section, we attempt to estimate the inclina-
tion angle of these secondary cracks using model parameters
that are chosen to be close to the inferred conditions of the
Gole Larghe Fault. To predict the inclination angle q, we
need to determine six parameters in the analytical model that
depend on the material, characteristics of the rupture inter-
face, and the tectonic setting: sT, b*, fs, P, a, and vII, where
sT is the tensile strength of the host rock. Of these model
parameters b* and fs define the sliding friction coefficient fd

by equation (8), and P and a describe the tectonic prestress
state.
[40] Following Di Toro et al. [2005b], we assume that the

strike-slip faulting stress state condition is “Andersonian”:
the vertical principal stress, s2, equals the average of the two
horizontal principal stresses s1 = P and s3 = bP (0 < b < 1)
(Figure 14a). The equivalent adjustment for the experimental
configuration for a biaxial stress state is illustrated in
Figure 14b. At a given depth and due to gravity the vertical
stress s2 is equal to sv = rgz(1� l), where r = 2740 kg m�3

is the density of the granodiorite rock [Arndt et al., 1997],
g is the acceleration of gravity and pore fluid factor
l = 0.4 corresponds to a state of hydrostatic fluid pressure.
Note that the choice of hydrostatic fluid pressure is based
on alignment with that of Di Toro et al. [2005b]. While
recent studies have indicated that meteoric water was not
present during pseudotachylyte generation, isotopic com-
position of pseudotachylytes of the Gole Larghe Fault Zone
differ from the wall rock materials, suggesting that some
pore fluid may have been present during seismic faulting
[Mittempergher et al., 2009]. As shown below, reducing the

Figure 12. Model predictions and experimental measure-
ments of inclination angle, q, with respect to rupture distance
from wire in experiments (a) 70I and (b) 70J.

Figure 13. Predicted and experimental inclination angle, q,
as a function of shear rupture speed (a) experiment 70I and
(b) experiment 70J.
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pore fluid factor will change the magnitude of the principal
stresses acting on the fault, but not the orientation. The
depth of the fault section under scrutiny is denoted by z and
for our purposes will range between 5 and 10 km. Frictional
sliding on the fault is initiated when b reaches its critical
value given by

bcrit ¼ sin 2a� fsð cos 2aþ 1Þ
sin 2a� fsð cos 2a� 1Þ ;

while the corresponding critical inclination angle a of the
fault is

acrit ¼ p
2
� 1

2
tan�1 1=fsð Þ

[Sibson, 1974]. At high confining pressures, the static
coefficient of friction fs of rocks varies from 0.6 to 0.85
according to Byerlee [1978] which give us estimates for bcrit
and acrit. For example, fs = 0.75 gives bcrit = 0.25 and
acrit = 63.5°, while fs = 0.6 gives bcrit = 0.32 and acrit = 60°.
At the time frictional sliding occurs, the principal stress s2
can be related to s1 and s3 as s2 = sv = (s1 + s3)/
2 = (1 + bcrit)Pcrit/2 [Sibson, 1974]. Therefore, the critical
compressive prestress Pcrit can be determined from sv as

Pcrit ¼ 2rgzð1� lÞ
1þ bcrit

and it depends on both the depth of the fault and the static
coefficient of friction fs.
[41] For the case of the Gole Larghe Fault Zone, the above

estimates of angle acrit close to or above 60° is supported by
two lines of geological evidence. First, pseudotachylyte-
bearing faults have been described based on field evidence
as being “strong” faults, supporting large stress drops and
therefore large coefficients of static friction [e.g., Griffith
et al., 2009a; Sibson and Toy, 2006]. This would imply
that the maximum compressive stress is oriented at a much
more acute angle than indicated by recent evidence along
major transverse plate boundary faults like the San Andreas
Fault [e.g., Fialko et al., 2004; Hickman and Zoback, 2004],

but more in line with estimates based on intraplate deep
borehole and seismic measurements [e.g., Townend and
Zoback, 2000; Zoback and Harjes, 1997].
[42] Second, microstructural evidence from along the Gole

Larghe Fault Zone suggests that the direction of the maxi-
mum compressive stress was oriented at a low (24°–43°)
angle relative to the fault strike for some period of time
before seismic slip occurred on the Gole Larghe faults.
Figure 15 shows a potassium feldspar vein overprinted by a
myrmekite, a vermicular intergrowth of the minerals quartz
and sodic plagioclase which grows between potassium
feldspar and plagioclase. While the role of stress in the for-
mation of myrmekites is unclear in general [Vernon, 2004],
myrmekites are found consistently in the contractional
quadrants of plagioclase grains [Pennacchioni et al., 2006]
in the tonalite rocks at the Gole Larghe Fault Zone, sug-
gesting that they are a good indicator of the approximate
orientation of principal stresses in this case. The large myr-
mekite in Figure 15 forms along a straight boundary between
potassium feldspar and plagioclase, but not along straight
boundaries in other orientations. If the straight grain
boundary along which the large myrmekite is found is taken
to be perpendicular to the maximum compressive stress, this
implies a ≈ 47° (Figure 15). This interpretation is supported
by the fact that the large myrmekite in Figure 15 overprints a
potassium feldspar vein which is subparallel to the maxi-
mum compressive stress direction implied by the myrmekite.
Assuming that the long axis of the vein parallels the most
compressive stress direction this would imply a slightly
steeper angle of a ≈ 66°. These microstructures imply a
roughly constrained range of 47° < a < 66°. Our analytical
estimates of acrit described above lie well within this range.
Because myrmekites are inferred to grow at higher ambient
temperatures (450°C–500°C [Tribe and D’Lemos [1996])
than those inferred for seismic faulting along the Gole Large
Fault (250°C–300°C [Di Toro and Pennacchioni, 2004]), it
is impossible to say that the stress directions implied by
evidence shown in Figure 15 were acting during seismic
faulting, but based on the interpretation that the faults were
active during rapid cooling of the host rock [Di Toro
and Pennacchioni, 2004] this is not an unreasonable

Figure 14. (a) Schematic of the strike-slip fault and the assumed “Andersonian” stress state [Sibson,
1974]. (b) Schematic of the biaxial loading in the horizontal plane of the fault.
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assumption. From this point on, the value fs = 0.6, which
gives bcrit = 0.32 and acrit = 60°, is chosen as the nominal
static friction coefficient at depth in all calculations.
[43] Estimation of the velocity-weakening strength

parameter b* is more difficult as the availability of experi-
mental data on velocity weakening of crustal rocks at sliding
speeds on the order of meters per second are sparse and are
typically conducted at low values of normal stress, slow
sliding velocities, or in analog geomaterials. In addition, at
least at low sliding speeds, the velocity dependence of bare
rock faces in contact varies considerably relative to values
for granular materials such as fault gouge [e.g., Marone,
1998]. A number of studies have looked at the velocity
dependence of sliding friction for granitoid rocks [e.g.,
Scholz and Engelder, 1976; Tullis and Weeks, 1986; Kilgore
et al., 1993]; however, these studies were limited to sliding
speeds between and 10�9 and 10�2 m s�1. Tsutsumi and
Shimamoto [1997] showed a dramatic drop-off in sliding
friction for gabbro, even prior to melting at sliding speeds
greater than 10�2 m s�1. Beeler et al. [2008] use these data
to show that the onset of weakening due to flash heating of
asperities on the sliding surface can be shown to become
significant at sliding speeds between 0.05 and 2 m s�1.
However, these experiments were conducted at very low
normal stresses (sn = 1.5 MPa). For this analysis we explore
the bounds of the linear velocity-weakening relationship

based on the pair of fast sliding friction experiments
described below.
[44] The first set of experiments was conducted on gabbro

by Tsutsumi and Shimamoto [1997] at a normal stress of
sn = 1.5 MPa. In these experiments, the coefficient of fric-
tion falls from its static level of fs = 0.6 to a dynamic level
fd = 0.48 at sliding velocity, _d, of 0.6 m s�1. Taking t = fdsn
and t0 = fssn, and using the parameters summarized in
Table 1, one can use constitutive equation (3.8) to calculate
b* = �0.06 (Table 1). More recently, Yuan and Prakash
[2008] used a modified torsional Kolsky bar apparatus to
study velocity-dependent friction in two experiments for
quartz-on-quartz interfaces at high pressures (sn > 60 MPa)
and sliding speeds ( _d > 2 m s�1). The slip distance in these
experiments was limited to less than 5 mm due to the onset
of microcracking of the quartz specimens; however, signif-
icant weakening was observed in both experiments. Fol-
lowing the methodology described above for the
experimental results of Tsutsumi and Shimamoto [1997] and
parameters listed in Table 1, the Yuan and Prakash [2008]
results yield values of b* = �2.09 and �1.23, respectively.
[45] In rocks such as granodiorites where pseudotachy-

lytes and periodic fractures have been noted, quartz typically
makes up less than 30% by volume [e.g., Di Toro et al.,
2005b]. Melting in rocks is thought to be controlled by the
lower melting point minerals (like biotite and muscovite),

Figure 15. Scanning electron microscope image under backscattered electrons of a pseudotachylyte (PT)
fault vein (black dashed line) along a fault strand from the Gole Larghe Fault. Myrmekite (MR), consisting
of vermicular intergrowths of quartz (dark gray) and sodic plagioclase (medium gray) grows along a
straight grain boundary between potassium feldspar (KF, light gray) and plagioclase feldspar (PF). Note
no myrmekite is developed along the straight KF-PF grain boundary inclined at a shallower angle relative
to the PT vein. This suggests that the direction of maximum compressive stress was roughly orthogonal to
the straight grain boundary (traced by the solid black line) where myrmekite is developed. An older KF
vein is oriented roughly orthogonal to the straight KF-PF grain boundary. The dotted white line is drawn
roughly perpendicular to the trend of the KF vein, and the angle between this line and the trend of the PT
fault vein gives a ≈ 66°. Taking these pieces of evidence as upper and lower limits, respectively,
47° < a < 66°. Arrows corresponding to our inferred directions of P and bP are drawn schematically.
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and if we are to accept that flash heating is an important
mechanism for weakening at or near the rupture front, sim-
ilar logic also roughly applies (assuming the composition
distribution for asperities is similar to the bulk rock). How-
ever, the experimental results of Yuan and Prakash [2008]
show much stronger velocity weakening of pure quartz
under pressures and sliding rates that are much more realistic
for crustal rock sliding at seismogenic depth. Because more
appropriate data does not exist at the current time, in our
calculations, we use the value of b* = �1 which is the
average value of b* in the above estimated range from
�2.09 to �0.06. The accuracy in estimating the value of b*
can be improved with future experiments. For example,
experiments similar to Yuan and Prakash [2008] on both
crustal rocks such as granodiorite and rock analog materials
such as Homalite-100 at slip speeds (1–10 m s�1) and normal
stress characteristic of seismogenic depths (sn > 50 MPa)
would to improve on the current paucity of data in this
parameter space. Facilities are under development that
should supplement current understanding of the frictional

behavior of geomaterials at seisomogenic slip speeds and
normal stress [e.g., Niemeijer et al., 2009].
[46] Based on these estimated values of b*, fs, P, a, we

can now obtain the relations of the inclination angle q to the
rupture speed vII at different depths. These are shown in
Figure 16 as a function of rupture speed normalized by the
Rayleigh wave speed. The three curves correspond to three
hypothetical depths of the fault plane section under scrutiny.
It should be noted that in order to generate Figure 16, a
modification was introduced in the model to account for the
biaxial loading conditions in the horizontal plane of the fault
as shown in Figure 13b. Under such circumstances, the fault
parallel T stress is given by T = �P(sin2a + bcos2a) while
the frictional strength as a function of sliding rate is now
described by

t ¼ tc þ fsP sin2aþ bcos2a
� �

� 1� b� m _d
2cs½tc þ fsPðsin2aþ bcos2aÞ�

( )

Table 1. Values Used to Estimate b* for Crustal Rocks

Material sn (MPa) _d (m s�1) m (MPa) r (kg m�3) cs (m s�1) fs fd t (MPa) t0 (MPa) b*

Gabbroa 1.5 0.6 35000b 2900 3474 0.6 0.48 0.72 0.9 �0.06
Quartz (Q01)c 62 2.2 44300d 2700 4051 0.6 0.19 12 37.2 �2.09
Quartz (Q02)c 65.5 4.05 44300d 2700 4051 0.6 0.18 12 39.3 �1.23

aTsutsumi and Shimamoto [1997].
cYuan and Prakash [2008].
bUlrich et al. [2002].
dBass [1995].

Figure 16. (a) Relations between the inclination angle of the secondary quasiperiodic cracks and the nor-
malized rupture speed for different burial depths of the fault with the weakening parameter b* = �1, a
static coefficient of friction fs = 0.6, a resulting biaxial ratio b = 0.32 and an inclination angle of the fault
a = 60°. (b) Field image of cataclasite-pseudotachylyte-bearing faults showing near-vertical cracks [Di
Toro et al., 2005b].
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with tc = 0 for purely frictional faults. The tensile strength of
granitoid rocks sT is chosen as 15 MPa, an average value,
but can range between 3 and 38 MPa [Bieniawski, 1984] and
the Poisson ratio is 0.272 [Arndt et al., 1997].
[47] Figure 16 shows that for the depth of the fault from

5 km to 9 km, when the rupture speed varies from 0.85cR to
0.98cR (the typical range of rupture speed in crustal earth-
quakes [Rosakis et al., 2007]), the inclination angle q of the
secondary cracks is in the range from 80° to nearly 90°
which is close to the field observations and model calcula-
tions of Di Toro et al. [2005b]. It is necessary to mention
that, at greater depth, because of the large compressive pre-
stress together with small rupture speed, the maximum
principal stress in the cohesive zone calculated by the model
was observed to be greater than sT at every part of the
cohesive zone. Therefore, the secondary crack inclination
angles in these situations could not be determined by the
present dynamic model. As a result the curves for z = 7 km
and 9 km are interrupted as the speed drops to a low enough
level as shown in Figure 16 (see the incomplete curves for
z = 7 km and 9 km). This example demonstrates the capa-
bility of the model to predict the correlations among the
inclination angle of the secondary cracks, the rupture speed
and the tectonic conditions for the natural faults.

7. Conclusions

[48] We present a dynamic fracture mechanics-based
analytical description for steady state sub-Rayleigh shear
rupture propagation utilizing a velocity-weakening cohesive
zone model. The model predicts the occurrence and orien-
tation of the tensile cracks which form in the material sur-
rounding a weak rupture plane (fault) during laboratory
experiments of shear rupture due to transient stress pertur-
bations associated with the passage of the rupture tip. We
identify the primary parameters controlling the nucleation
and orientation of these tensile off-fault cracks and we
illustrate through comparison with experiments that the
analytical model is predictive in describing their morphol-
ogy. The model is extrapolated to the study of natural faults
and provides diagnostic criteria for interpreting velocity,
directivity, and static prestress associated with past earth-
quake events recorded on exhumed faults.
[49] The results presented here indicate that some cracking

observed along exhumed faults, particularly those distrib-
uted asymmetrically about the fault and filled by pseudo-
tachylyte, are undoubtedly a result of dynamic loading in the
form of a passing earthquake rupture tip. The fact that the
formation of such dynamic cracks can be described in a
quantitative fracture mechanics framework is remarkable on
several levels. First, the geometry of these cracks can be
used to constrain both the velocity and prestress state asso-
ciated with the ancient earthquake ruptures associated with
their formation. Second, this model supports geological
observations that coseismic off-fault tensile fracturing can
occur even at seismogenic depths but requires narrow range
of possible rupture velocity and prestress conditions
(Figure 16). The formation and orientation of these dynamic
tensile cracks also depends strongly on the velocity-weak-
ening behavior (b*) of the rocks at the fault interface within
the rupture tip. It should be noted that in our model, for the
same prestress state, different rupture velocities may produce

the same inclination angle of the microcracks depending on
the combinations of fault strength, tensile strength of the
surrounding material, and the velocity-weakening rate b*.
Therefore, correct implementation of the model necessitates
the need to determine these parameters carefully. Currently,
few data from direct experiments exist on rate-dependent
behavior of rocks at seismogenic depths and strain rates as
demonstrated in the discussion (section 6) of the estimation
of b* for granodiorites in the Adamello batholith. Continued
research on the frictional behavior of crustal rocks in the
parameter space ð _dn;snÞ relevant to earthquake rupture
propagation at seismogenic depths, within the context of the
fracture mechanics-based model presented in this paper, will
significantly add to our understanding of near-tip earthquake
physics. It should also be noted that the current model does
not explain the spacing or length of these microcracks.
Further study of these parameters is needed to fully under-
stand the mechanics of off-fault damage due to tensile frac-
ture during earthquakes. Appropriate crack growth models
taking into account crack tip interactions of immediate
microcrack neighbors will be necessary to analyze spacing
and length. Previous slip-weakening model formulations
have also been successfully used to study off-fault tensile
and Coulomb secondary failure. The results of our velocity-
weakening model make similar predictions regarding pseu-
dotachylyte injection veins to calculations by Di Toro et al.
[2005b] using a slip-weakening pulse formulation. How-
ever, because frictional weakening is dependent on slip
velocity and normal stress, results of the velocity-weakening
and slip-weakening formulations are likely to diverge for
different stress states. Experimental results show that a sin-
gle velocity-weakening parameter, b*, can successfully
predict off-fault tensile failure for a variety of static prestress
states suggesting that the velocity model formulation
developed here is extremely versatile.

Appendix A: Derivation of Traction Distributions
in the Cohesive Zone

[50] The stress distribution in the cohesive zone on the
rupture faces can be obtained following the derivations of
Samudrala et al. [2002]. The distributions of stress compo-
nents s22 and s12 are given in equations (6) and (7) as
boundary conditions. The derivation for the stress compo-
nent s11 is summarized here.
[51] Samudrala et al. [2002] showed that

G} z ¼ h1 þ ih2ð Þ ¼ � ð1� a2
s Þ

2as
F} zð Þ

Using this relation together with equation (4), we obtain the
expression for stress component s11 on the rupture faces as

s11ðh1; h2 ¼ 0Þ ¼ 2mða2
l � a2

s ÞRe½F}ðh1Þ� þ T

where the function F" is given by

F} zð Þ ¼ 1

pi
2as

mRðvII Þ
1ffiffi
z

p
Z 0

�L

tðx=LÞffiffiffiffiffiffi
∣x∣

p dx

þ 1

pi
2as

mRðvII Þ
1ffiffi
z

p
Z 0

�L

ffiffiffiffiffiffi
∣x∣

p
tðx=LÞ

x � z
dx
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To determine F" on the upper rupture face, F"+(h1) =
F"(h1,h2→0+), we use Plemelj formulae together with
equation (12) of Samudrala et al. [2002],

iF}þ h1ð Þ � �ið ÞF}� h1ð Þ ¼ 4as

mRðvII Þ t h1=Lð Þ �L < h1 < 0ð Þ;

and obtain

F}þ h1ð Þ ¼ � 1

p
2as

mRðvII Þ
1ffiffiffiffiffih1p pv

Z 0

�L

tðx=LÞffiffiffiffiffiffi
∣x∣

p 1þ ∣x∣
x � h1

� 

dx

þ 2astðh1=LÞ
mRðvII Þ

1

i
�L < h1 < 0ð Þ

in the cohesive zone, where “pv” stands for Cauchy prin-
cipal value.
[52] The stress component s11

+ on the upper rupture face
now can be expressed in terms of the shear traction t as

sþ
11ðh1Þ ¼ 2mða2

l � a2
s ÞRe½F}þðh1Þ� þ T

¼ � 1

p
4ða2

l � a2
s Þas

RðvII Þ
ffiffiffiffiffi
h1

p
pv

Z 0

�L

tðx=LÞffiffiffiffiffiffi
∣x∣

p ðx � h1Þ
dx þ T

� �L < h1 < 0ð Þ

Substituting equation (10) into the above equation, we
obtain the normalized stress component s11

+ on the upper
rupture face as

sþ
11

to
h1
L

� 	
¼ � 1

p
4ða2

l � a2
s Þas

RðvII Þ
ffiffiffiffiffi
h1
L

r �h1=L
1þ h1=L

� 
g

cos pg

�
Z 1

0

ð1� sÞgffiffi
s

p ð1þ sh1=LÞ
dsþ T

t0
�1 < h1=L < 0ð Þ:
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